Sample Questions for Journey Through Genius

Chapter 1: Hippocrates’ Quadrature of the Lune
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T/F: Hippocrates wrote the first Elements that Euclid would later make obsolete by his Elements

T/F: Pythagoras came up with the Pythagorean Theorem by himself and deserves the credit solely.
T/F: Thales was a nice man.

Hippocrates’ quadrature of the lune rested on what 3 preliminary results?

Hippocrates made one unfounded assumption in his Quadrature of the Lune. What was it?

How were cultural differences between Egyptians and Greeks reflected in their approaches to math?
T/F: A proof that  is transcendental predated a proof that the quadrature of the circle is unattainable.
Explain how you can use the proof that rectangles are quadrable to prove that triangles and polygons are
quadrable.

What three facts were the basis for Hippocrates’ argument for the quadrature of the lune?

Who was the first to compose the Elements?

Who is called “the father of demonstrative mathematics”?

Along with the Pythagorean theorem, what was the Pythagoreans’ other major contribution to mathematics?
T/F: The circle is not quadrable.

How did the discovery of the irrational bolster the Greeks’ love of geometry?

What was Thales best known for?

What problems/issues did the Pythagoreans’ discovery of irrational quantities cause?

What is the significance of Hippocrates squaring the lune?

What are the two contributions to geometry from Hippocrates?

Identify the two most fundamental concepts of mathematics from 15000 — 10000 Bc.

What are the four things that Thales of Miletus is credited with proving?

What does it mean to say that a number is transcendental? Give an example other than 7.

Is V2 constructible? algebraic? transcendental? What about V2 ?

What did Hippasus prove that angered the Pythagoreans? Why were they angry?

If you wanted to construct the quadrature of the triangle, what other shape would you first have to find the
guadrature of?

Who was the earliest known mathematician, who supplied the “why” along with the “how” in solving
problems?

Who is attributed with the earliest mathematical proof?

Draw a sketch of how the quadrature of the rectangle is obtained.

Describe in full detail the steps in squaring the circle.

T/F: The Egyptians had a proof of the Pythagorean theorem before the Greeks did.

What is a lune?

What is meant by the term quadrable?

1 is ... (a) quadrable (b) transcendental (c)algebraic (d) constructible

Explain the Egyptian method of forming a right triangle.

What did Ferdinand Lindemann prove?

Name Pythagoras’ (or really, the Pythagoreans’) two greatest achievements.

What did Lindemann prove?

How did Lindemann conclude that there is no quadrature of the circle?

What hope did the quadrature of the lune bring to mathematics? Was this hope realized?

Who is thought to be the first person to provide proofs of his mathematical understanding?

Briefly explain why a circle cannot be squared.

How many different types of lunes are quadrable?

Why is it difficult to tell exactly what past mathematicians like Pythagoras and Hippocrates actually
accomplished?

Chapter 2: Euclid’s Proof of the Pythagorean Theorem
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How many books are there in Euclid’s Elements? How many propositions?

What makes up the basics of the Elements? (what are they and how many of each)

What types of lines were many mathematicians held up on when trying to prove some characteristics of
triangles?

T/F: Most of the theorems in Elements are not actually of Euclid’s own invention.

What are two reasons why Euclid’s 5t postulate was considered by many to actually be a theorem?



6. Explain the two contributions from Eudoxus.

7. Go through Euclid’s “windmill” proof of the Pythagorean theorem.

8. T/F:In non-Euclidean geometry, all triangles have the same angle sum.

9. T/F: The exterior angle theorem was a geometric inequality.

10. T/F: The exterior angle theorem is true in non-Euclidean geometry.

11. Which Euclidean postulate has puzzled mathematicians logically for centuries?

12. What is so great about Euclid’s book, Elements?

13. T/F: SAS, SSS, ASA, and AAS are all valid propositions in non-Euclidean geometry.

14. The building blocks for Euclid’s Elements consisted of 23 , 5 ,and 5 .

15. Explain what Euclid’s 5t postulate is. Why is it so controversial?

16. What is the difference between Euclidean and non-Euclidean geometry?

17. What is the danger in using drawings or figures in geometric proofs? Relate this to the problem in proposition
I.1.

18. State Euclid’s “controversial” postulate.

19. Draw the diagram that Euclid used in his windmill proof of the Pythagorean theorem.

20. What are the four congruences in Euclid’s Elements, book | ?

21. How do the two types of non-Euclidean geometry differ?

22. Where is it believed that Euclid received his training?

23. What is Euclid best known for?

24. Explain briefly the set-up/layout of the Elements.

25. Where did Euclid study mathematics?

26. Can the parallel postulate be proven?

27. What did Euclid do that made him so respected in the world of mathematics?

28. T/F: Euclid stated the Pythagorean theorem using the algebraic equation a? + b? = c2.

29. T/F: Euclid’s Elements are famous because the propositions in them were being proven for the first time.

30. Why is common notion 4 so hard for people to understand?

31. T/F: Euclid wrote and developed all 465 propositions in Elements.

32. Did Euclid want to banish the use of pictures in proofs?

33. T/F: Plato was linked to both Eudoxus and Euclid through the Academy that he started.

34. What was the diagram used by Euclid in his proof of the Pythagorean theorem called?

Chapter 3: Euclid and the Infinitude of Primes
Give an example of a perfect number.
Give an example of a regular solid.
Explain the Euclidean algorithm.
Which of Euclid’s books in the Elements dealt with number theory?
How many regular solids exist and why can’t there ever be any more found?
What is a “perfect” number?
What did Euclid’s final proposition (proposition 465) prove?
How many perfect numbers exist?
Recreate Euclid’s proof that there are infinitely many prime numbers.
. Who constructed the 17-gon as a teenager?
. T/F: Euclid has three books dedicated to solid geometry.
. Euclid proved that if 1 + 2 + 22 + 23 + --- + 2™ is prime, then is perfect.
. What is Euclid’s definition of a prime number?
. How many regular solids exist in 3-dimensional geometry?
. T/F: Although book 3 is about circles, Euclid does not discuss lunes in book 3.
. In Euclid’s proof of the infinitude of primes, he first assumes that there are finitely many primes. Then what
does he do with these finitely many primes?
17. T/F:In book 3 (concerning circles) Euclid proves that the ratio (area)/(diameter) is constant.
18. Explain what is meant by a regular solid? How many are there? Name them.
19. T/F: Thales connected each of the five regular solids with a crazy earth metaphor.
20. What concept (due to Eudoxus) did Euclid avoid in books | — IV, but present in book V?
21. Explain why the Goldbach conjecture is so tantalizing. Use the phrase “utterly simple” in your answer.
22. Euclid addresses circles in book I, but what topic (covered earlier in class) does he leave out?
23. How did Euclid prove that (a + b)? = a? + 2ab + b??
24. T/F: All 13 books of the Elements are about geometry.
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What is book X of the Elements said to be?

T/F: Books I-IV of the Elements focus on number theory.

According to Sir Thomas Heath, what book, “will doubtless remain the greatest mathematical textbook of all

times”? Use the phrase “Duh!” in your answer.

Express the following in modern notation: If a straight line be cut at random, the square on the whole is equal

to the squares on the segments and twice the rectangle contained by the segments.

Could the Greeks make a regular 24-gon? Describe which regular polygons they were capable of constructing.

Explain the twin prime conjecture.

What is known about odd perfect numbers?

Match the book number and its topic: 1l 1Ill VIl XII XllI Regular Solids Geometric Algebra
Volumes of Cones  Whole Numbers Circles

Use the Euclidean algorithm to find the GCD of 1024 and 408

Which book is the longest in the Elements? (Careful —two people submitted this problem with different

answers!)

Match Platonic solids with “elements.”

Chapter 4: Archimedes’ Determination of Circular Area
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How many places did Archimedes have 7 nailed down to?

Name two things Archimedes was famous for.

What was Archimedes’ masterpiece called?

How many sides did the figure have that Archimedes inscribed in a circle to estimate  ?

Give an example of Archimedes’ absent-mindedness.

Where did Archimedes study Euclidean mathematical traditions?

What are the four phases in the search for precise approximations for m, and which phase did Archimedes
work fall into?

What is the formula for cylindrical volume?

Archimedes approximated  between what two numbers?

T/F: Archimedes used the symbol 7 in his work.

Describe the proof method of double reductio ad absurdum.

Who was slain while deep in thought on a challenging math problem?

What did Archimedes’ proofs have that was not typically seen before?

What important thing did Archimedes prove about the relationship between a circle and a sphere?
T/F: After he moved the largest ship with a pulley Archimedes started to produce weapons of war for the king.
T/F: The Archimedean screw is still used today.

Measurement of a circle was the quest for ever more precise estimates of the critical constant ___.

T/F: Archimedes was able to move the king’s largest ship by using a pulley.

Which Roman general had his forces held off by Archimedes’ contraptions?

Which nation was trying to overthrow Greece during Archimedes’ time?

Describe Archimedes’ basic approach to approximating the area of a circle.

What was the major contribution that Archimedes made on circles and spheres?

In which place was there an error in Shanks’ 707 digit approximation to m?

T/F: Archimedes was the first to approximate .

What specific triangle did Archimedes use to determine the area of a circle?

What was the cause of Archimedes’ death?

The last sentence of the chapter is “And even in the late twentieth century, we must not forget that this
journey had its mathematical beginnings in the short treatise Measurement of a Circle by the unsurpassed
Archimedes of Syracuse.” What does “this journey” refer to? Do you agree?

Describe the polygon that Archimedes used to compare the area of a circle to.

What did Archimedes request to have displayed on his tombstone?

What was the general form of the proof used to prove that the area of the circle is equal to that of a certain
triangle?

Who had the first estimation of ?

On the Sphere and the Circle was set up in a similar fashion to what familiar book?

What method of Eudoxus’ did Archimedes use to find the surface area of a sphere?

T/F: Archimedes was widely known at the time as a man of impeccable hygiene.

Why was Archimedes considered an adversary to the Romans?
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T/F: Archimedes was the first to understand that there was a particular relationship between the radius and
circumference of a circle.

Why was it important that Archimedes related the area of a circle to its circumference? (Hint: think of how
this changed Euclid’s formula for area).

Translate into modern notation: “The surface of any right circular cylinder excluding the bases is equal to a
circle whose radius is a mean proportional between the side of the cylinder and the diameter of the base.”

Chapter 5: Heron’s Formula for Triangular Area
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How did Howard Eves describe the Arab mathematicians?

T/F: After Rome, the focus of mathematical activity moves to the Middle East.

Who wrote the book Metrica?

What is the incenter of a triangle?

What nation rose to power after Archimedes’ death?

Describe the Romans’ attitude toward mathematics.

What are cyclic quadrilaterals?

Explain the type of mathematics that Heron was interested in, and how his formula for the area of a triangle
falls into this category.

In light of the fact that the triangle area formula %bh was already known by Heron’s time, explain why

Heron’s triangle area formula is important.

Name one of the preliminary propositions Heron used to prove his great theorem.

How did Heron differ from most Greek mathematicians?

T/F: The Greeks had a simple understanding that the earth was spherical, not flat.

What role did the Roman empire play in the advancement of mathematics?

Using the numbers 1 to 50, show the first three steps in the sieve of Eratosthenes.

List two contributions by Eratosthenes.

What job did Eratosthenes have?

Write down Heron’s formula for the area of a triangle with sides of length a, b, c.

Use Heron’s formula to find the area of a triangle with sides of length 30, 36, 42.

In the sieve of Eratosthenes, we cross off all multiples of 2, then 3, then 5, then 7, and so on... How far would
we have to go to reveal all primes less than 400?

Who were the three great post-Archimedean Greek mathematicians?

What mathematical subject is Apollonius known for?

To whom did an Islamic scholar attribute Heron’s formula?

Who should get credit for Heron’s formula? (Please read original Greek and Arab manuscripts and respond
with a doctoral thesis.)

What tragedy led to the destruction of much of the record of classical civilization?

T/F: Greek mathematicians put less emphasis on proving their results than Arabic mathematicians.

Of the five propositions Heron used, how many were taken from the Elements? (2, 3, or 4)

Describe the history of the library of Alexandria (location? begin? end? famous people there?)

After the library at Alexandria was destroyed, what Islamic academy became the “mathematical center of the
world”? In what city was it located?

Who wrote Conics? What subjects does it discuss?

Where was the center of mathematics located during the rise of the Roman empire?

What is the relationship between Heron’s formula and the Pythagorean theorem?

T/F: Heron was the last of the purely abstract Greek mathematicians, disregarding the practical aspects of
mathematics.

Who was Ptolemy? What did he do?

What are the “Great Crusades”? What role did they play in math history?

Chapter 6: Cardano and the Solution of the Cubic
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Who wrote Ars Magna?

Put in chronological order: Cardano Ferrarri Fontana Pacioli Fior

How many chapters did it take Cardano to explain solving the cubic?

Give some reasons why there was great intellectual excitement in 15th-century Europe
T/F: Cardano wrote a book about the mathematical odds in gambling.

Which mathematician wrote the autobiography De Vita Propria Liber?
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Who was Cardano’s colleague?
Who wrote the first serious book on probability?
Describe the technique used to change a general cubic into a depressed cubic.

. What role did Bombelli play in the mathematics of cubic equations?

. T/F: Any odd degree polynomial has at least one real root.

. Why did mathematicians keep their discoveries secret?

. Who won the thirty-problem math-off between Fior and Tartaglia?

. What is a general cubic equation? What is a depressed cubic equation?

. Why did Cardano and Ferrari betray their oath and publish their results?

. T/F: Ferrari had all ten fingers when he died.

. Describe the contest between Fior and Tartaglia.

. Which was used in the proof for the solution to the cubic: (a) The Pythagorean Theorem (b) The Quadratic

Formula (c) Heron’s Formula (d) Quadrature of the Lune (e) Renault’s Great Theorem.

What was the first “form” of a cubic to be solved?

Did Cardano break his oath?

In what way is Cardano’s solution to the cubic geometric? How is the geometric cube used?

Why did Cardano have different cases suchas x> = mx + nand x>+ mx =n?

What is the strategy for solving a general cubic equation?

Who is Niccolo Fontana?

What, according to legend, allowed Fontana to survive a vicious French attack?

T/F: Cardano’s “solution by radicals” can be used to find roots of fifth degree polynomials.

Give an example of a depressed cubic.

What did Pacioli have to say about cubic equations?

How do we know so much detail about Cardano’s life?

From whom did Cardano learn the solution of the depressed cubic?

T/F: Tartaglia could solve a general cubic equation.

What is the highest degree polynomial equation that is guaranteed to have a “solution by radicals”?
What does it meant by a “solution by radicals”?

Describe Niels Abel’s contribution to mathematics.

How does knowing the solution to the depressed cubic equation help in solving a general cubic equation?
Who first discovered the solution to the depressed cubic equation?

Who discovered that there is no solution (by radicals) to general 5 degree or higher polynomials?
Who found a technique for solving the general quartic equation?

Chapter 7: A Gem from Isaac Newton
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In our book, why do the “theorems” of Pierre de Fermat have quotation marks around them?

Name one of the inventions Newton made as a child.

What are the two prerequisites for Newton’s approximation of 7?

How resigned the Lucasian chair of mathematics and successfully urged the appointment of Newton as his
successor?

What is a great mathematical contribution of René Descartes?

What is a great mathematical contribution of Blaise Pascal?

How did Newton solve his math problems?

What was going on at Trinity college in Cambridge at the time Newton was there?

What is particularly remarkable about Newton’s estimation of = and what method(s) did he use?

. Which of the following did Newton not write? (a) Philosophiae Naturalis Principia Mathematica (b) Opticks

(c) Discours de la method (d) De Analysi

The only real difficulty in Newton’s estimation of 7 was calculating v/3. Why was this really not a difficulty for
Newton at all?

Who persuaded Newton to publish his works? What happened when he did?

Why did Fermat not write down a proof of his most famous theorem?

What was Isaac Newton’s first impression of Euclid’s Elements?

How accurately was Newton able to approximate m ?

Newton had two extraordinarily productive years. What were they called? What conditions led to this
opportunity? What did he discover during this time?

Name four contributions Newton made to math and/or science (there are many more).

List some of the world events taking place in the 1600’s.
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Which mathematician invented a calculating machine at a young age?

Under what conditions does the binomial expansion of the form (a + b)™ produce an infinite series?
Who was Newton’s mentor while at Trinity?

What was the name of the academic position Newton held at Trinity?

As a student, which difficult book did Newton have to restart many times to get through?

What was Newton’s first great mathematical discovery?

What connections does Dunham make between Isaac Newton and Charles Darwin?

Newton was elected president of which prestigious organization?

The binomial theorem could be used to approximate which numbers with ease?

Describe the relationship between Newton’s binomial theorem and Pascal’s triangle.

What is the modern-day way of saying the “method of fluxions” and the “inverse method of fluxions”?
Describe Fermat’s Last Theorem. Give an example of an equation that is impossible to solve, according to this
theorem.

Draw the diagram that Newton used to approximate i .

Which century is called “the heroic century”?

Name four mathematicians, and their contributions, from the “heroic century”.

Who “stood on the shoulders of giants”?

T/F: the binomial theorem is used to expand expressions of the form (a + b + ¢)* .

Briefly explain how Newton approximated 7.

T/F: Newton is quoted as saying, “Stick ye bodkin in my eye? Ridiculous! I’d never do such a thing!”
T/F: Isaac Barrow left his position as Lucasian Chair of Mathematics “because he recognized Newton as his
mathematical superior and thus could not retain the chair in good conscience.”

T/F: Newton never saw the acceptance of his work because he died before they were published.

T/F: Newton was knighted.

T/F: Since he was so well acclaimed, Newton would promptly publish his work as soon as it was written.

Chapter 8: The Bernoullis and the Harmonic Series
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What is the sum of the reciprocals of the triangular numbers?

What was Johann’s challenge? What was the answer?

T/F: In the 17" century, an infinite series was viewed merely as the sum of an endless collection of terms.
T/F: Although Jakob provided the proof for the great theorem, it was Johann who published it in Tractatus de
serious infinitis.

What was Leibniz’s first challenge, and what was interesting about how he proved it?

Explain the controversy over Leibniz and Newton and their published works.

What were the Bernoulli brothers known for?

Who does the author hint at being the anonymous solver of the brachistochrone problem?

T/F: The Bernoulli brothers were known for their harmonious relationship.

. Who had proved the divergence of the harmonic series before Johann and Jakob?
. T/F: Like Newton, Leibniz took on many pupils in order to spread his new discoveries across the continent.
. What is the curve called that is formed by a chain, fixed at two points, and hanging under its own weight?

(Hint: what is Latin for the word “chain”?)

What is the curve called that is traced by a point on a wheel as the wheel rolls on the ground?
Give an example that illustrates the relationship between Jakob and Johann Bernoulli.

Who did Leibniz seek out to help him learn mathematics?

Who solved the brachistochrone problem?

T/F: Johann was the first mathematician to prove the divergence of the harmonic series.
Describe the brachistochrone problem.

Who was most closely associated with I’'Hopital: Leibniz, Jakob Bernoulli, or Johann Bernoulli?
T/F: The Bernoulli brothers came up with two different proofs for the divergence of the harmonic series.
Johann Bernoulli is described as “Leibniz’s Bulldog”. Why?

Why were the British so upset with the work of Leibniz?

What great theorem are the Bernoulli brothers credited with? Were they the first to discover it?
Who was the better Bernoulli?

Extra credit: Recite Jakob Bernoulli’s mathematical verse.

What are the triangular numbers?

T/F: If the terms of an infinite series diminish to zero, the series must be convergent.

T/F: If an infinite series converges, then the terms must diminish to zero.
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Describe the contributions that the two Bernoullis made in proving that the harmonic series diverges.
Who invented calculus — Newton or Leibniz?

What have modern historians concluded about the discovery of calculus?

Where does the word “brachistochrone” come from?

Who did not give a proof that the harmonic series diverges (a) Newton (b) Leibniz (c) Jakob Bernoulli (d)
Johann Bernoulli (e) Oresme (f) Pascal (g) Mengoli

Who was older, Johann or Jakob?

Who wrote the first calculus textbook?

T/F: Leibniz acknowledged that he had seen Newton’s manuscripts.

How long did Johann claim it took him to solve the problem of the catenary curve posed by his brother?
How long did it take Newton to solve the brachistochrone problem?

In Johann Bernoulli’s proof he defines A = % + % + % + ---. What fact does he conclude about A that leads to a

contradiction, and so leads to the statement of the theorem?
Who got Leibniz interested in philosophy?
What academy did Leibniz establish in 1700, and consequently became president of?

Chapter 9: The Extraordinary Sums of Leonhard Euler
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List two of Euler’s amazing “mental math” abilities.

What are some major subjects that Euler contributed to?

Who called Euler a “mathematical Cyclops”? Why?

At a young age, what did Euler win a prize from the French Academy for?

Why was it surprising that Euler would win a prize from the French Academy?

Describe the history of the series 1 + i + % + i + % + -

Why does the work of Euler seem so modern to us?

In the proof of the great theorem, what function does Euler start with? [Hint: close to, but not quite sin(x).]

Describe the general idea of the proof. He starts with an infinite sum representing f(x), then does what with
it?

. T/F: Euler was another neurotic mathematician.
11.

12.

13.
14,

15.

16.
17.

18.

Why was Euler’s Introductio in Analysin Infinitorum compared to Euclid’s Elements?
What intuitive leap did Euler make in his evaluation of 1 + i + % + i + % + - ?

Who would you rather invite to your birthday party, Euler or Thales?
As a boy, who did Euler study under?

What is the value of 1 + % + % + 1—16 + % + --- ? Why is it surprising?

What trigonometric function was used by Euler to find the sum of the above series?
What disability ailed Euler?

2
What was one major criticism of Euler’s proof that the sum of the reciprocals of the squares is % ?

Which of the following did Euler employ in his proof that 1 + i + % + i + % + = %2 ?

a. Noticing that the equation is similar to the square of the harmonic series.

b. Equating the infinite sum to an infinite product.

c. Relating the series to two circles of radius 7 /V6 .

d. Transforming the equation using logarithms, very recently invented by his contemporary John Napier.

What is meant by the phrase “Euler’s hasty generalizations”?

a. Euler believed that if patterns arise in finite mathematics, they must remain in the infinite case.

b. Euler calculated large series in his head, sometimes not writing them down until much later.

c. Euler believed that if he applied the “scientific method,” his results would be universally true.

d. Euler did not prove the sums of the reciprocals of the odd-power integers, but gave a solution that is
generally true.

T/F: Despite deafness, Euler continued to compose great music.

Who did Euler replace at St. Petersburg Academy as chair and how did he know him?

How many children did Euler have?

Where is St. Petersburg? Why was the Academy established there? What drew Euler to the Academy?

T/F: After finding the sum of the reciprocals of the squares, Euler continued to find the sum of the reciprocals

of all the other powers up to 26.



Chapter 10: A Sampler of Euler’s Number Theory

Euler provided proofs or counter examples from the work of whom?

What connection did Gauss make between geometry and number theory?

Who got Euler interested in the conjectures of Fermat?

Fermat thought that all numbers of the form were prime.

How many examples had Fermat tried in his attempt to verify the previous conjecture?

How did Euler refute Fermat’s conjecture on generating primes?

What are amicable numbers? What are they used for?

T/F: Euler was able to find proofs for all of Fermat’s conjectures.

T/F: Gauss avoided all academic controversy by keeping some of his papers in his desk, unpublished.
. Describe Sophie Germain’s trials in being accepted into the mathematical world as a woman.
. What was the relationship between Gauss and Germain?
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. Could a regular polygon with 227 + 1 sides be constructed with a straight edge and compass, according to
Gauss’s theorem?

13. T/F: Gauss discovered Non-Euclidean geometry, but never published his findings.

14. How many amicable pairs did Euler find?

15. T/F: 232 + 1 is prime.

16. What is the significance of the number 232 + 1?

17. What theorem was the main tool in Euler’s attack on Fermat’s prime generating conjecture?

18. State Fermat’s Little theorem. Give an example.

19. Who was Antoine LeBlanc?

20. How would young Gauss add the numbers from 1 to 2000?

21. What woman was able to make a name for herself in mathematics around the same time as Gauss?

22. What is the Fundamental Theorem of Algebra?

23. What was Gauss’s contribution to the Fundamental Theorem of Algebra?

24. What feat did Gauss overcome that Goldbach and Euler themselves could not?

25. T/F: Fermat proved that 22° + 1 is composite.

26. What was so frustrating about Fermat’s mathematical claims?

=
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Chapter 11: The Non-Denumerability of the Continuum

1. When trying to prove the non-denumerability of (0,1), why did Cantor avoid the digits 0 and 9?

2. T/F: All sets discussed in this chapter are denumerable.

3.  Where did the contradiction arise in Cantor’s proof that (0, 1) is not denumerable?

4. In Cantor’s 1874 paper, he proved that the irrationals are not denumerable. What other major result was in

that same paper?

What do we call Cantor’s proof that the irrationals are not denumerable?

How many transcendental numbers did Cantor exhibit, to support his claim that the transcendentals are not

denumerable?

7. What does denumerable mean?

8. What was the main theme of 19™ century (in mathematics as well as other areas).

9. What are two other ways of saying that two sets have a one-to-one correspondence?

10. T/F: Rational numbers have the same cardinality as whole numbers.

11. Who is an example of one math patron who believed that math liberation was taken too far?

12. Who did Cantor study under in Berlin?

13. Once you know that the real numbers are not denumerable, how does it follow that the irrationals are not
denumerable?

14. What does Dunham compare research in Non-Euclidean geometry to?

15. Who was the first major mathematician to deal with sets?

16. Who arrived at a good, informal working definition of a limit?

17. Who finally nailed down the precise definition of a limit?

18. Who gave a “static” definition of a limit?

19. T/F: The set of rationals is denumerable and the set of irrationals is not denumerable.

20. Who was the greatest mathematician of the 18" century?

21. Describe the major mathematical trends of the 17th, 18th, and 19" centuries.

22. List the major mathematicians in each of the 17th, 18”‘, and 19" centuries.

23. Characterize Cauchy’s definition of the limit.

24. Name one of the artists who ventured into abstract depictions.
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25. T/F: Cauchy came up with the definition of the limit that we use today.

26. Give the modern definition of a limit: “We say that lim,._,, f(x) = L if..”

27. Provide an example of abstract mathematics that eventually found an application.

28. Name a few mathematicians who made it big in the 19" century.

29. Cantor proved that the set (0, 1) was not denumerable by (a) direct proof (b) induction (c) contradiction.

30. Why was Bishop Berkley critical toward mathematicians?

31. How did Newton and Leibniz look at limits?

32. Which century was the “Century of Euler”?

33. What was the problem with Cauchy’s definition of limit?

34. T/F: The 19™ century was characterized by real-life applications of mathematics, including connections to
physics and other sciences.

35. What does it mean to say that two sets have the same cardinality?

36. What did Berkley call the “ghosts of departed quantities”?

37. Which mathematician made the first great strides toward understanding the idea of infinity?

38. What is the key idea in showing that two sets have the same cardinality?

39. What does it mean to say that a set is “denumerable”?

40. What does “Cantor’s diagonalization proof” refer to?

41. What was Cantor’s big result about irrational numbers?

42. What insight did Cantor provide on transcendental numbers?

43. Name a transcendental number.

44. What was Karl Weierstrass’ contribution to limits?

45. Name three sets that are equinumerous with the natural numbers.

46. Name three sets that are not denumerable.

47. What is the significance of the equation y = i:i

, the set (0, 1), and the set R ?

48. Provide the proof that the integers are denumerable.

49. Provide the proof that the rationals are denumerable.

50. Provide the proof that the set of real numbers (0, 1) is not denumerable.

51. What notation is used to denote the cardinality of the natural numbers? the real numbers?

Chapter 12: Cantor and the Transfinite Realm

1. Whatis “Cantor’s Theorem”?

2. Describe the proof that |[A| < |P(A4)|. (Here, the vertical bars indicate cardinality.)

3. T/F: Cantor was the one to disprove the continuum hypothesis.

4. T/F: Set Theory parallels Geometry in that both have postulates that cannot be proven or disproven.
5. What is the connection between the cardinality of the line segment (0, 1) and the square (0, 1) x (0, 1)?
6. Ifaset A has 10 elements, how many elements does the power set of A have?

7. Who does Dunham compare with Van Gogh? Why?

8. What did Paul Cohen do?

9. What is the continuum hypothesis?

10. Who was one of Cantor’s harshest critics?

11. Which theorem did Cantor slave over, never prove, and caused him the greatest mental anxiety?
12. What was Cantor’s work said to be since the Greeks?

13. What is the difference between naive set theory and axiomatic set theory?

14. What is the problem with defining the set U to be the “largest set of all”?

15. Describe the relationship between math and religion for Cantor.

16. What did Cantor exclaim to his friend Dedekind when he discovered that the points of a square are

equinumerous with the points in a line segment?

17. What is the “parallel” between Cantor’s continuum hypothesis and Euclid’s parallel postulate?

18. Who proved that the continuum hypothesis is logically consistent with the other axioms in axiomatic set
theory?

19. You are having a surprise birthday party for Archimedes and you want to invite all the great mathematicians
from history. You know that Cardano and Thales can’t be in the same room together, and neither can those
pesky Bernoulli brothers. There is a good chance that Archimedes will have just solved an ingenious problem,
so expect him to be naked and soaking wet when he comes to the door. Euler insists on bringing the
sauerkraut “pi” (his little joke) that made everyone sick at last year’s Christmas party, and you can’t talk him
out of it. Knowing this, should you invite Sir Isaac Newton to the party? He makes an excellent nacho platter,
but he demands to be in charge of the party games that somehow always end up involving bodkins.
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Give an example of a set that has a cardinality larger than c.

How do the cardinality of the reals and the irrationals compare?

Who did Dunham compare Cantor to?

What conclusion was reached concerning the continuum hypothesis?

Who proved that if |A| < |B| and |B| < |A], then |A| = |B| ?

Describe how the continuum hypothesis is similar to Euclid’s 5" postulate.

State the Schroder-Bernstein Theorem.

Which did Cantor define first, the idea of <, ortheidea of <?

What does it mean to say that |A| < |B| ?

What does it mean to say that |A| < |B| ?

Let I denote the irrational numbers and R denote the reals. Prove |R| < |1].

What is the “current state” of the continuum hypothesis?

Given A ={a, b, c}, what is P(A) ?

Describe Cantor’s personality. What events in his life contributed to his stress?

T/F: Kurt Godel proved the continuum hypothesis.

Cantor was a revolutionary in that he started the rigorous study of infinity and the theory of
What was Cantor’s main focus for all of his research?

What’s so great about a power set?

One way to prove that two sets have the same cardinality is to show a one-to-one correspondence between
the two sets. What is another way?

What paradox is presented in Cantor’s theorem?

Who showed that beginning with the axioms of set theory, we could not prove the continuum hypothesis?



