
Solutions - Section 34

(A) Verify the identity sin(z1 + z2) = sin z1 cos z2 + cos z1 sin z2.

sin z1 cos z2 + cos z1 sin z2 =
eiz1 − e−iz1

2i

eiz2 + e−iz2

2
+
eiz1 + e−iz1

2

eiz2 − e−iz2

2i

=
ei(z1+z2) + ei(z1−z2) − ei(−z1+z2) − ei(−z1−z2)

4i

+
ei(z1+z2) − ei(z1−z2) + ei(−z1+z2) − ei(−z1−z2)

4i

=
2ei(z1+z2) − 2ei(−z1−z2)

4i

=
ei(z1+z2) − e−i(z1+z2)

2i
= sin(z1 + z2)

(12) If z = x is real, then both sinx and cosx are equal to their real counterparts. This is
how they were defined. Since both sin z and cos z are entire and real on the real axis, by the
Reflection Principle sin z = sin z̄ and cos z = cos z̄.

(14a)

cos(iz) =

(
ei(iz) + e−i(iz)

2

)
=

(
e−z + ez

2

)
=

e−z̄ + ez̄

2

=
ei(iz̄) + e−i(iz̄)

2
= cos(iz̄)

(14b)

sin(iz) =

(
ei(iz) − e−i(iz)

2i

)
=

(
e−z − ez

2i

)
=

e−z̄ − ez̄

−2i

= −e
i(iz̄) − e−i(iz̄)

2i
= − sin(iz̄)
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Under what conditions does sin(iz̄) = − sin(iz̄)? Let’s set them equal and check.

sin(iz̄) = − sin(iz̄)

e−z̄ − ez̄

2i
= −e

−z̄ − ez̄

2i
e−z̄ − ez̄ = −e−z̄ + ez̄

1 − e2z̄ = −1 + e2z̄

e2z̄ = 1

z̄ = iπn n = 0,±1,±2, . . .

z = −iπn = iπn n = 0,±1,±2, . . .
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