MATH 430 COMPLEX ANALYSIS

TRISTAN PHILLIPS

These are notes from an introduction to complex analysis at the undergraduate
level as taught by Paul Taylor at Shippensburg University during the Fall 2016
semester. If you notice any errors of any kind (as I'm sure there are many) you can
email me at tp7924@ship.edu.
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1. LECTURE 1: ARITHMETIC IN COMPLEX NUMBERS
What was the motivation behind developing complex analysis?

e They are needed to solve polynomial equations.
o For example the equation 22 + 2 + 1 = 0 can’t be solved without
complex numbers.
¢ In reality most of the motivation came from solutions to cubic equa-
tions. (NOT quadratics!)

We can split complex numbers into real and imaginary parts. ¢ = v/—1 is the
unit ‘vector’ in the imaginary direction.
In general we have that if z = 2 + iy then Re(z) = z and Im(z) = y.

Example 1.1. If z = 3 + 5i then Re(z) = 3 and Im(z) = 5.

We have all the standard properties we are accustom to; Commutativity (a+b =
b+a & ab=ba), Associative ((a +b) +c=a+ (b+c¢) & (ab)c = c(ab)), and
Distributive (a(b + ¢) = ab + ac)).

Adding and subtracting in C is as expected. If z; = 1 + 1y1 and zo = z2 + iys
then z1 + 29 = (I1 + 332) + i(y1 + yz).

We also have a fairly logical definition of multiplication:

2129 = (w1 +iy1) (w2 +iy2) = (v122 — y1y2) +i(y122 + y211).

Example 1.2. Solve 2>+ 2+1=0

Let z = x + iy where z,y € R. Then we have
24z+1=(z+iy)?+(x+iy)+1= (22 —y2 +z+1)+i(2zy+y) = 0+0i.
So, this means that 2> —y?> +x +1 = 0 and 2xy + y = 0. Considering
2zy +y = 0 we see that it has solutions (x,0) and (—1/2,0). So we can
break this into these two cases:

Case 1: When we have a solution to 2xy +y = 0 of the form (x,0) then
our other equation (z?> —y?+x+1=10) becomes 2>+ +1 = 0. But we
have that the roots of this equation are x = _71 + @, contradiction the
fact that x is real. Thus there are no solutions when y = 0.

Case 2: When we have a solution to 2xy +y = 0 of the form (—=1/2,y)
then our equation (z* —y*>+x+1=0) becomes 3/4 —y*> = 0. So solving
for y we get y = £/3/2. This gives solutions of (—1/2,++/3/2) to our
original equation. Explicitly these solutions are:

~1 \/§

— e
Ty T

[ Theorem 1.3. If z12o = 0 then at least one of z1 or zo is zero. ]
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Proof. Let z1 = x1 +iy; and 2o = 2 + iy2. Now WLOG suppose z3 # 0. Thus we
can divide by zs:

Az _ 0
z2 - 21
And by our definition of division we have that z; =0 O

Elements of C can be thot of as two dimensional vectors with real and imaginary
components.

[ Example 1.4. The vectors corresponding to 1 — 2i and 3 + 4i: }

Definition 1.5. The magnitude (aka modulus or length) of z = z + iy,

denoted |z| is:
ol = VBT 2

We also have a notion of distance between z; and zs.

Definition 1.6. The distance between z; and z9 is defined as:

|21 — 22| = V(21 — 22)2 + (41 — ¥2)2.

We have a nice equation for a circle in C centered at zy with radius 7:

|z — 20| = 1.

The triangle inequality is

|21 + 22| < |z1]| + |22].

It can be easily derived geometrically:
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=g

| Z1+2: |

| =1 |

Z1+2;

| =1 |

21

We can also rewrite the triangle inequality to obtain the backwards triangle

inequality:

|21 — 22| > [|21] — |22]]-
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2. LECTURE 2

We start off with an example problem:

Example 2.1. Assume z satisfies |z — 5| < 1. Find a bound for |z|.
We can answer this with the triangle inequality. By the reverse triangle
inequality
|lz| = |(z = 5) + 5] < [z = 5| + 5]
And by the assumption |z — 5| < 1 we obtain an upper bound for |z|
z<1+5=6.

For the lower bound we do a similar procedure using the reverse triangle
inequality,
2l = [(z = 5) = (=5)[ = |l = 5] = [ = 3]I.
Now by our assumption that |z — 5| < 1 we obtain the lower bound
|z <1 —5|=4.

Altogether we have shown that 4 < |z| < 6.
We can also come to this conclusion by considering the the graph |z —
5 < 1:

Im

This diagram makes the fact that 4 < |z| < 6 obvious.

We now give the definition of a complex conjugate.

Definition 2.2. We write the complex conjugate of z = x + iy as
Z = x—iy. In essence the complex conjugate flips the sign of the imaginary
part of the complex number.

The complex conjugate can be thought of graphically as a reflection over the real
axis.
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&

E=x—1y

Some properties of conjugates:
2Z = |2
Z129 = 2 Z
z+Z = 2Re(2)
z —Z = 2Im(z)

These are all straightforward to show using the definition of a complex conjugate.
We have the following theorem which can be proven using complex conjugates:

Theorem 2.3.
anll el
2| |zl
Proof. -
-2)E)-G)E) =k
| \ 2 z)  \z %) wmz |
The result now follows by squaring each side. ([

This theorem can be useful in many cases:

Example 2.4. If |z| = 2, then show ‘m, <1.
To show this we first apply the above theorem:
1 1]
2+6:49| |22+62+9]
Notice that 22 +62+9 can be factored to (z+3)2. So in fact we are trying
to show that

1
— <1
|2+ 3|2 —
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which is equivalent to showing that |z + 3| > 1. This follows from the
reverse triangle inequality

2= (=3 = [zl = | =3l =[2=-3] = 1.
This problem can also be worked out with a more geometric approach.
Since |z| = 2 we know z is some point lying on the circle of radius 2

centered at the origin.Following the algebraic argument given above, if we
can show that |z + 3| > 1 we will be done. Notice that |z + 3| can be
interpreted as the distance between z and 3. So it is obvious from the
following diagram that |z + 3| > 1:

T 3

y Re

J
Since we know we can think of complex numbers as vectors it is logical to be
able to use polar coordinates.

I

z=|x 41y

Im{z)

fie

So, we have the following for z € C
z = rcos(6) + irsin(6)
= r(cos() + isin(h))

=re'?.
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Of course r = |z| is the radius from the origin and 6 = tan(Im(z)/Re(z)) + 2n7 is
the angle from 1, also known as the argument. The principal argument is the
argument lying in the interval (—m, 7] and is denoted Arg(z).

Example 2.5. Find the radius and argument for z = —1 — 1.
The radius is

r=|—1—i = /(-1 + (-1)?) = V2.

For the argument we use the graph:

T

Tie

o 4 ! !

T
I
i
I .
Im(z} | «*
i
|
|
i

z=—1-—1 . )
Re(z)

to find that Arg(z) = —3n /4.

We note the following celebrated formula found by Euler (Euler’s formula):
e = cosf +isinb.
This will be especially useful for us in complex analysis since it gives a way of
switching to and from exponential form.
A notable instance of the above formula is when we let 6 = 7:

e =—1=¢e%+1=0.

An example of an application of Euler’s formula is putting 1 + iv/3 in to expo-

nential form:
1+ iv/3 = 2(cos(n/3) + isin(n/3)) = 2¢™/3.

A good way to think of the process of switching into exponential form is graphically
as we saw earlier.

All the same properties that we are used to for e” still work for the complex
numbers.

Using Euler’s formula we can come up with a number of tricky trig identities.

Example 2.6. We can come up with the angle addition identities.
We will be doing this by looking at the product ¢*® in two ways;

et = @+ — cos(a 4 b) + isin(a + b)
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and
e'e’ = (cos(a) + isin(a)) - (cos(b) + i sin(b))
= (cos(a) cos(b) — sin(a) sin(b)) + i(sin(a) cos(b) + cos(a) sin(b)).
If we set the real and imaginary parts of these two equivalent expressions
we get the angle addition formulas from trigonometry:
cos(a + b) = cos(a) cos(b) — sin(a) sin(b)
and
sin(a + b) = sin(a) cos(b) + cos(a) sin(b).

Similarly we can derive the double angle formulas starting from (e??)? = €27,

In fact we have De Moivere’s formula:

Theorem 2.7.
(cos(0) + isin(f))™ = cos(nd) + i sin(nh)

This formula can be easily derived using Euler’s formula. It is especially usefull in
find double-angle, triple-angle, ..., and arbitrary-angle formulas for trigonometry.
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3. LECTURE 3: RooOTS & REGIONS

Roots
In exponential form the argument can take on multiple values. This begs the
following question:

When are 2 complex numbers equal in exponential form?

Say we have two complex numbers which are equal in exponential form:

r1e? = ryetf?,

For these to be equal we must have r; = ro and 6; = 6, mod 27. For example
4¢7?7/3 is equal to many (infinitely many) other numbers in exponential form with
different arguments:

4ei27r/3 _ 4ei87r/3 _ 4671'471'/3 - .= 46i(27r/3+27rn)

Lets get right into taking roots:

Example 3.1. Find the square root(s) of 4e*>™/3.

Notice that this is equivalent to solving
22 — 4¢27/3

for z. Intuitively from our motion of complex multiplication we would
expect the square root to take half the angle and the reqular square root of
the magnitude. This intuition is accurate.
We have

(4ei27r/3)1/2 — 28”/3.

Great, so this gives 2¢'™/3 as a square Toot of 4¢%27/3; but is this the
only one? Remember that complex numbers can take on many arguments.
Lets see what happens when we consider 4e~"47/3 (which is equivalent to

4€'?7/3 ). Now taking the square root we have
(4ei=1m/3)1/2 _ 9gi(=2n/3)
So, is 2e~27/3 ¢ valid square root of 4¢%27/3 ; certainly 2e~27/3 £ 2¢i7/3,

The sort answer is yes, they are both square roots of 4¢'2™/3. In fact we
can take the more general square root

(4ei(27r/3+27rk)1/2 _ 26i(7r/3+7rk).

From this we notice that depending on the parity of k we will get two
different square roots w radians from one another. These two square Toots
are illustrated in the following diagram:
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One way to get rid of our root ambiguity is to use the principal argument (before
taking the root); we call the result the principal root. This root is always the root
nearest to 0.

An nth root of unity is an nth root of 1. For example:
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Regions:
In R, we use intervals a lot.
e Ex. (2,3)=2zec(2<z<b)
Since C is two dimensional, intervals don’t work so well.

In analysis, intervals are useful as neighborhoods (numbers close to a center
number).

Example 3.3. Find the numbers within 0.1 of 2.
In R this is (1.9,2.1).
In C this is |z — 2| < 0.1.

o A neighborhood (NBD) of 2 with r = 0.1.

As default we use € (epsilon) to represent a small radius. Epsilon in real, small,
and positive.

Any two-dimensional shape can be thot of as a set of complex numbers.

Definition 3.4. The edge of S is called the boundary. More precisely,
a point zg is a boundary point of S if every neighborhood of z; contains

some points in S and some points not in S. We will denote the boundary
of S as 0S.

Definition 3.5. The inside part of S is called the interior. More pre-
cisely, a point is an interior point of S if you can find a neighborhood of
the point which is completely contained in S.

In this diagram [ is an interior point of the set S and B is a boundary point of
S.
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—0.9] < 0.05
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4. LECTURE 4: REGIONS

More Regions:

Definition 4.1. A set is open if all its points are interior.

For example |z| < 1 is an open set.

Definition 4.2. A set is closed if it contains its boundary.

Note that some sets are neither open or closed. The only sets in C which are
open and closed (clopen) are C and @ (i.e. there are no nontrivial clopen sets).

Definition 4.3. The complement of a space S, denoted S¢, is the set
of all points not in S.

Note that the boundary of S is the same as the boundary of the complement of
S:
08 = 0S5°.
Also the compliment of the compliment of a space S is just S. In other-words
(8°)c=S.

[ Theorem 4.4. S is closed & S¢ is open. ]

Proof. Assume S is closed.

< S contains 95 = S contains 05°.

<S¢ does not contain 0S¢

< All points in S€¢ are interior

& 5¢ is open. O

Example 4.5. Show that S = {|z| < 6} is open.
We need to check that all points in S are interior points.

Proof. Let zy be some point in S. So |z9| < 6. Letting d be the distance
from zy to the nearest boundary we have that d = 6 —|zg|. Thus it is easy
to see that the neighborhood

|z — 20| < d/2

is completely in S. (Notice that d/2 is halfway between zy and the nearest
boundary point). Since zy was arbitrary, all points in S are interior points
which means that S is open. O
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Proof. Let S and T be open sets.
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Casel: If SNT =0, then SN T is trivially open.

Case2: If SNT # 0, then let 2o € SNT. This means that zg € S and g € T
Since zq is an interior point of S we know that there exists a neighborhood of zy,
namely |z — 29| < €g, which is contained is S. By the same logic we know that
there is a neighborhood of zy, namely |z — 29| < e, which is contained in T.

Let € = min{eg, er}. Notice then that |z — 29| < € is contained in both S and T
(i.e. in SN T). This means that zy is an interior point of S NT and since zp was

arbitrary we have that S N7 is open. (I

Theorem 4.8. The union of 2 closed sets is closed.
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Proof. Let S and T be closed sets. To prove that SUT is closed we will show that
(SUT)© is open.

SUT

By theorem 4.4 S¢ and T are both open. So applying theorem 4.7 we see that
SeNTe is also open. Also we know that (SUT)¢ = S°NT*°, so (SUT)° is open as
well. It follows from theorem 4.4 that SUT is closed. ]
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5. LECTURE 5: SPACES, FUNCTIONS, AND MAPPINGS

Definition 5.1. An open set is connected if every 2 points in the set can
be connected by a ‘polygonal’ line (i.e. a piecewise linear line) contained
completely in the set.

Connected Disconnected

Definition 5.2. A domain is a set which is open, connected, and non-
empty.

Domains are nice because theorems from calculus usually carry over from R to
domains of C.

Definition 5.3. S is bounded if you can draw a circle around it. That
is, we can find some radius R such that S C {|z|: |z| < R}.

Definition 5.4. If S is not bounded then it is unbounded.

Examples 5.5. Define the following three spaces:
Sl :|Z—(’L—1)|<5

g . fnti 144 240 3+4
S 11230

n=1

S3 := R = The real line.
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Definition 5.6. z; is an accumulation point of S if every neighborhood
of 2y contains infinitely many points of S.
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We give an alternate definition of closed:

Definition 5.7. S is closed if it contains all of its accumulation points.

Functions:

A function f of z can be written z — f(z). One thing that we liked to do with
real valued functions was to graph them in order to visualize the function and gain
intuition. Unfortunately since our functions are from C (a 2-dimensional space) to
C (a 2-dimensional space), we would need 4-dimensions to properly visualize these
function (which is not possible). Despite this however, there are some things we
can still do to get an intuition of what the function is doing.

Example 5.8. Consider the function f(x) = z°.
We can split this function into two real valued functions (one for the
real part and one for the imaginary part):

flz+iy) = (z + iy)?
= (22 — %) 4+ i(2zy).

Thus we have split f(z) into the two real valued functions u(z,y) = x?—y?
and v(z,y) = 2zy. In particular notice

f(2) = f(z +iy) = u(z,y) +i-v(z,y).

In C polynomials are defined as expected:

Definition 5.9. A polynomial with degree n is
anz” + an_12" 1+ ---+ajz+ag

for a; € C.

Mapping:

Mappings helps us to think of complex functions as moving points. We will
illustrate this with several examples. In each of these examples we will take a
function and see how it maps the ‘smiley-face’ set centered at 2 + 4. This ‘smiley-
face’ set centered at 2+ ¢ (which we will denote S) is illustrated in this diagram:
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Im

fie

For our first example lets consider the map induced by the function f(z) =
z+ 1 — 3i. Notice that this map is just a translation, shifting S 1 unit to the right
and 3 units down. So f(S) with be the smiley-face centered at 3 — 2i:

Tt

Fie

—di

Now we will consider the function g(z) = ze'™. Writing 2z in exponential form
we have

T

g(z) = ze

= ret0+m),

Now we see that g(z) is a rotation by = radians:
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Im

He

Now we will do some more mappings with a different set. The set we will know
use the rectangular region R := {z:1 < Re(z) < 2,1 <Im(z) <2.

Now lets think about how the function f(z) = 2z¢™/2 affects our region R.
Putting z into exponential form we have:

f(Z) = 27‘@’0 . eiﬂ'/g — 2T€i(9_7r/2).

We now see that f(z) will rotate all points by —m/2 radians and then double its
distance from the origin. The following diagram illustrates the mapping of R to

f(R).
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A Im

! /% (R)

Lets consider another function, g(z) = z — Z. To better understand what this
function is doing we make the substitution z = x + iy:

g9(z) =z + iy — (v — iy) = 21y = 2iIm(z).

This shows that g(z) is the function which doubles the imaginary part and then
makes the real part zero. The affect g(z) has on R is illustrated in the following
figure.

Im

R

Now we will consider a couple of functions on one more region, T := {z : 0 <

|z| < 2,0 <6 <7w/3}:
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Im

9ein /s

fie

First we consider the function f(z) = 22. Taking powers suggests that we should
write z exponentially;

f(2) = f(re'®) = (re'?)? = 1262,

We now see that f squares the radius and double the argument. Thus the image
of T will be f(T) ={2:0< |2| < 4,0 < 6 < 27/3}:

Im

Fie

Now we consider the function g(z) = 1/z. Again working with the exponential
form of z we can obtain a better understanding of this function:
g(z) =27t =r"te .
Conceptually we can think of this function as inverting the radius and flipping over
the real line. We illustrate g(7') in a diagram:



Im
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6. LECTURE 6: LIMITS

We know that (2+1i)? = 3 +4i. However, what does lim,_,o,; 22 = 3 +4i mean?

Conceptually this means that if z is close to 2 + 7, then 22 is close to 3 + 4i.
An even better way to think of this is that the closer z is to 2 44, the closer 22 will
be to 3 + 4i.

If we know how close we need 22 to 3 4 44, call this error €, then we can say how
close z must be to 2 + i to guarantee error < e. We can find a neighborhood of
2 + i, (with radius d) so that every z in the neighborhood gives [2% — (3 + 4i)| < e.

More formally we can say that lim,_,5; 22 = 3 + 4i means that for every e > 0,
there is a § > 0 such that if |z — (2 + )| < §, then |22 — (3 + 4i)| < e.

In general we have the following definition of a limit:

Definition 6.1. lim, ,o1,; f(z) = L means that for every € > 0, there is
a 0 > 0 such that if |z — 2| < J, then |f(z) — L| <.

Example 6.2. Prove lim,_,; 22 = —1.
Start with e = 0.1.
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| Lo |
[ R I

We would like to find a 0 so that any point in the neighborhood |z —i| < &
will be mapped to a point in the neighborhood |z — (—1)| < 0.1. We see
that choosing 6 = 0.1 doesn’t work since, for example, z = 1.09¢ is in the
disk |z —i| < 0.1, but (1.09i)? = —1.1881 4s not within a 0.1 neighborhood
around -1.

This means that our value for § must be smaller than 0.1. To find a
value for & that works trial and error is not so great; instead we will use
algebra.

2% = (=1)] = (z = i)(z + 1)
= |z —1||z+1
< 4|z + i

Consider the following diagram:

| Lo |

\ Y d T \

from this we see that |z +i| < 2+ & since z is an arbitrary point in
|z —i| < 8. Thus we have
|22 — (=1)] < 8|z +i| <60 +2) <e=0.1.

We want to find a § satisfying the above inequality. We know § is suppose
to be small, probably less than 1 (which we can confirm by our attempt
with 6 =0.1). So if § <1, then 6(0 +2) < d-3. If J is also less than or
equal to €/3, then

6(6+2)§6-3§§-3=e.

So we see that when € = 0.1, then § = 0.1/3 should be sufficient.
We finish this example by writing a more streamlined solution.

29
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1 2 ; He
In the diagram since z must lie in the disk |z + 1| < 0, we can see that
the closest —1/2 can be to z is 1/2 — 9 and the furthest —1/2 can be from
z is 1/2+ 6, in other words
1 1 1
= —9 | < =+0.
5 <|z+ 2| <zt
Using this we see that
) )
< .
[z+1/2] " 1/2-6
Now if 6 <1/4 then
0 0
< = 40.
l2+1/2] S 1/2—1/4
Putting this altogether we have shown that if § < 1/4, then for any e
we can have 46 < € so 0 < €/4. This means if |z + 1| < min{1/4,¢/4},
then
|; +1|<e
2z+1 ’
which is what we wanted to show.
We now give an example where the limit is NOT true. g
-
Example 6.4. Try to show lim,_,4 2z — 3i = 6 — 3i.
Notice that when z = 4 we have 2z — 3i = 8 — 3i. Since 8 —3i # 6 — 3i
we see that when € is appropriately small 8 — 3¢ will be outside the disk
|z — (6 — 3i)| < €, and thus there is no value of 0 that will work (since
regardless of how small 0 is 2z — 3i will still be in the starting disk).
J

We give one final example.

{ Example 6.5. Prove lim,_,_1 2> — 32+ 2 = 6.
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7. LECTURE 7: LiMIiTS THAT DO NOT EXIST AND
INFINITY

Limits do not always exist. For example the limit

Does NOT Exist (DNE). In general to show the existence of a limit we try to land
everything into a target neighborhood of L with radius e. To show limit does not
exist we want to show that points are ‘sent to for far away places’. Lets revisit the
limit we opened this section with:

Example 7.1. Show

&
lim —
z—0 2
does not erists.
Let us write z as © + iy so that
z _ x+iy
z z—iy

For complez limits in order for the limit to exist all limits (from all di-
rections) must agree. Thus if we find that the limit from two different
directions dissagree we will have shown that the limit does not example.
For our particular example we will consider the limit from the real and
1maginary axi.

From Real Axis. By fizing y = 0 and considering the limit as x
approaches zero we get the limit as we approach along the real axis. The
limit is

z+0
im =1
(,0)—(0,00 x — 0

From Imaginary Axzis. Conversely if we fit x = 0 and consider the
limit as y approaches zero we will obtain a limit as we approach (0,0)
from the imaginary azis:

0+ iy . —y
im — = lim — =
09)=0,0) 0 =1y (04)—(0,0) ¥y
So the ‘real’ limit and the ’imaginary’ limits disagree (1 # —1), thus
the limit does not exist.

=1

Example 7.2. Show
. &
lim —
20 |z]?
does not exist.
Fistly let us rewrite z = x + iy, to obtain
2 : (= +iy)®

lim — = .
20 2|2 (2,9)—(0,0) T2 + y2
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If we fiz y = 0 we get the limit
(z +0)?
(2,0)—(0,0) 2 + 02
Conversely if we fix x = 0 we get the limit
(0 +iy)? .y
—= = lim —& =
©0w)—-00 0+y>  ©y-=00 ¥

=1

Since 1 # —1 we see that the limit does not exist.

One may have observed that the ‘two’ examples we have given are really the
same since

22

|22

[~}

i\z‘l\z

N
ISURIRS

We proceed with a new example (which is actually different from the previous
two):

Example 7.3. Show the limit
lim Re(z)Im(z)
20 |22
does not exist.
Firstly we make the substitution z = x + 1y:

. Re(2)Im(z) . zy
lim —————+ = 22
=0 |22 (@,9)—(0,0) 2% + y?
If we fiz y = 0 then
z0

(m,o%l—%,o) z2 +02
Simalarly by fizing x = 0 we have
. Oy
lim —>—==
(0,5)—(0,0) 02 + 2
So far the limits from the real and imaginary azis agree, so we can say
nothing about the limits existence. However lets consider coming in from
another direction and see if the limit still agrees.
By fixing x = y = ¢ our limit becomes
c? 1

lim —=-.
(c,0)—(0,0) 2¢2 2

But now, since 1/2 # 0 the limit does not exist.

We state some useful theorems about limits:

Theorem 7.4. You can take the limit of the real and imaginary parts
separately.

For example if we have a function f(z) = u(x,y) + i - v(z,y) for z = z + iy.
Additionally if f(z) approaches the limit L = wug+ vg as z approaches zg = xo + iyo
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then we have the following:

lim f(z) =L <& lim u(z,y) = uo, and lim v(x,y) = vo-
i 1(2) (o) gy LT Y) = U0 () gy U TY) = 0

Theorem 7.5. If
lim f1(2) = Ly and lim f5(z) = Lo
z—20 Z—Z0

then
lim (f1(2) + f2(2)) = L1 + Lo

Z—20

Theorem 7.6. If
lim f1(2) = Ly and lim f3(2) = Lo

then
lim (f1(2) - f2(2)) = L1 - Lo.

Z—r20
N J

Proof. Assume we know

lim fi(z) =Ly and lim f2(z) = Lo.

Z—r2z0 Z—r 20

This means to ”‘hit an L; target”’ or ”‘Lo target”’ respectively. In other words
given a we know there exists a d; and a dy which satisfy |z — 29| < ¢; implies
|f1(2) — L1| < €1 and |z — 20| < d2 implies |f2(z) — La| < €2 for any given €; and es.

So let € > 0 be given. We need to find a § satisfying |z — zp| < § which will imply
|f1(2) f2(z) — L1L2| < e. Rewriting this we have

|f1(2) f2(2) = L1 La| = | f1(2) f2(2) — L1 f2(2) + L1 f2(2) — L1 Lo

Now by the triangle inequality
|f1(2) f2(2) = L1 f2(2) + L1 fa(2) — LiLa| < |f2(2)(f1(2) — L1)| + |L1(f2(2) — Lo|

and note
|f2(2)(f1(2) = L) + |[L1(f2(2) — Lo| = | f2(2)[|f1(2) — La| + [L1][ f2(2) — Lal-
Now if | fo(z) — L2| < (1/2)(e/|L1]) we would be happy since we would have
|f2(2)1f1(2) = L] + [La| f2(2) = La| < [f2(2)I[f1(2) = La| + €/2
and we would be well on our way to finding a suitable d. The good new is, is that
we can in-fact do this by letting e5 = %IL%I we can find a ds.
If e <1 then |f)2(2)| < |Lz| + 1. And so
|f2(2)f1(2) = La| + [La| fa(2) — La| < (|L2| + 1)|f1(2) — La| + [La[| f2(2) — La|.
Now letting f1(2) — L1 < 1 = (1/2)(¢/(|L1] + 1)), we have

1 1
|Lo| + 1)[f1(2) — L1| + |L1]| fa(2) — La| < J€tge=e

Now just use the § which satisfies all 3 conditions. (]
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Theorem 7.7. If
lim f1(2) = Ly and lim f3(2) = Lo

then
lim (f1(2)/f2(2)) = L1/La

zZ—r20

so long that Lo # 0.

.

Theorem 7.8. If P(z) is a polynomial then
zli,nzlo P(z) = P(z).

J

Proof. If P(z) = ¢, for ¢ € C then lim,_,,, ¢ = ¢. This can easily be proven with
an € — 0 proof.

proof.

can be written ag + a1z + a22% + -+ + anz” for a; € C.

We also have lim,_,,, 2 = 2y which can be again proven easily with an e — ¢

Now our result follows easily by theorem 7.5 and theorem 7.6. (Recal that P(z)
O

Theorem 7.9. If P(z) and Q(z) are polynomials and Q(zy) # 0 then

P(z) _ P(x)

=2 Q) QG

and

Infinity
We have the following way to think of infinity

1
z—wo00& ——0,
z

. . 1
Zlgrzlo f)=xe Zlgrzlo Ol 0.

In-fact we have the equivalence

1
lim f(z) = lim —.
Z—$00 z—20 2
And from this
= =07
A )= I S

Example 7.10. Find the following limit:

lim .
z—o00 2+ 1
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8. LECTURE &8: DERIVATIVES

Definition 8.1. A function is continuous at zg if the following 3 con-
ditions hold:

(1) f(zo) exists

(2) lim,,,, f(2) exist.

(3) lim,,., £(2) = £(20)-

We say a function f is continuous on a set S if f is continuous at every zg € S.
We give a formal definition of the derivative:

Definition 8.2. We define the derivative in the following fashion:
_ Az) —
F(2): = lim f(z) f(Zo)// — lim f(z0 + Az) — f(20)

zZ—20 Z— 20 Az—0 Az

Make note that unlike the real derivative this ‘complex-derivative’ does NOT
represent the slope.
Lets give the example of taking a derivative using the formal definition.

Example 8.3. Find the derivative of f(z) = 2°.

+ Az)? — 22
! — 1 (Z
f&) = fim —x—
_ lim 22 4+ 22Az + Az2 — 22
B Az—0 Az
= lim 2z + Az
Az—0
= 2z.

Example 8.4. Find the derivative of f(z) =Z.

= lim —Am—iAy.
Az—0 Ax + iAy
But by lecture 7 we know that limit does not exist, and so the derivative
also does not exist.
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Example 8.5. Find the derivative of f(z) = |z|*.
Notice |z|? = z - Z. Using the definition of the derivative we have

(z+Az2) (z24+A2)—2-Z

p .
— lim 2Z4+ 202+ A2z + Az Nz — 22
Az—0 Az
~ lim 2Nz + Azz + AzAz
Az—0 Az

Notice that from Lecture 7 this limit only exists at z = 0.

Many of the formulas for derivatives we are accustom to carry over to complex
analysis:

d

dz

d

dz

d

dz

Lo fN=c ()

—(c- f(z)) =c- fi(z
dz

d
() +9(2) = f1(2) + 4'(2)-
The product, quotient, and chain rules all work as well. For the most part these
can be proved in the same way as they were in the real case.

We would like to obtain a way of checking whether or not a given function is
differentiable. Recall

(¢)=0
(z)=1

(Zn) — nznfl

iy e flzo+Az) = f(z20)
fz) = Jlim A :

We can change this to real functions by letting z = x + iy and f(z) = u(z,y) +
w(z,y),
 (Az,AY)—(0,0) Az +iAy '

Lets check what occurs when Ay = 0 and what happens when Az = 0; if these give
different limits then the limit does not exist (so neither does the derivative).

(1) Let Ay =0:
u(x + Az,y) —u(z,y) +i(v(z + Az, y) — v(z,y))

f'(z)=  lim

 (A2,00-(0,0) Az
) u(z + Azx,y) —u(z,y)  i(v(x+ Ax,y) —v(z,y))
= lim +
(Az,0)—(0,0) Ax Az

= Um + Z'an
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where U, is the partial derivative of u(z,y) with respect to x and V. is the
partial derivative of v(z,y) with respect to x.

(2) Let Az =0:
f2)=  lim ulz,y + Ay) — ul@,y) +i(v(@,y + Ay) — v(@,y))
(0,Ay)—(0,0) iAy
i @yt Ay) —uzy) | (y+Ay) —u(@y)
(0,29)=(0,0) Ay Ay
= iUy, =V,

where U, and V,, are the respective partial derivatives of u(z,y) and v(z,y)
in terms of y.

So, in order for the limit to exist we must have
Up +iVy =V —iU,.
If we equate real and imaginary parts we obtain
U, =7V, and Ve = -U,.

The above equations are very important and are called the Cauchy-Riemann
equations.

Theorem 8.6. If the Cauchy Riemann equations are satisfied and the
partial derivatives Uy, Uy, V,,V, are each continuous, then f'(z) exists
and is

['(2) =Up +iVy =V, —iU,.

Now lets repeat our earlier examples with this new theorem. For the most part
we will assume the partial derivatives are continuous for the following examples.

Example 8.7. Find the derivative of f(z) = 2.
Letting z = x + 1y we obtain
fl@+iy) = (z+iy)? = ® -y + i2zy.
Thus, u(z,y) = 2% + y? and v(z,y) = 2zy. From these we can calculate
the following partial derivatives:

U, =2x
U, = -2y
Ve =2y
Vy = 2z.

We see that the Cauchy-Riemann equations are satisfied since 2z = 2x
and —2y = —(2y). Moreover

f(z) =2z +i2y = 22.

Example 8.8. Find the derivative of f(z) =Z.
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Let z = x + iy so that we obtain
flz+iy) =x+ iy =x —iy.
So, u(z,y) = x and v(z,y) = —y. From these we have the partial deriva-
tives

Uy =1
U, =0
V,=0
V, =1

Notice that the Cauchy-Riemann equations are NOT satisfied since U, #
Vy. Therefore the limit and the derivative do not exist.

Example 8.9. Find the derivative of f(z) = |z|?. Letting z = x + iy,
f(z +iy) = 2% + y* + 0i.
Thus, u(x,y) = 2> +y? and v(x,y) = 0. Taking partial derivatives we get

U, =2x
U, =2y
V=0
Vy = 0.

From this we see that the Cauchy-Riemann equations are not satisfied in
general, only when x =y = 0. Thus the derivative does not exist anywhere
except for the origin. At this single point the derivative is f'(0) = 0.

Lets move on to some new examples.

Example 8.10. Find the derivative of e*.
Letting z = x + iy we can rewrite this as

f(z) = e®e®

= e”(cos(y) + isin(y)).
So u(z,y) = e*cos(y) and v(x,y) = e*sin(y). Computing the partial
derivatives of these we get

U, = e” cos(y)

U, = —e”sin(y)

Ve = €”sin(y)

V, = e cos(y).



COMPLEX ANALYSIS 43

We see that the Cauchy-Riemann equations are satisfied for all values of
x and y and that the derivative is

1/ (z) = €” cos(y) + ie” sin(y)
— e=(cos(y) + isin(y))

= e”.

Cauchy-Riemann in Polar Coordinates
Sometimes it will be convenient to use a polor-coordinate version of the Cauchy-
Riemann equations. In this case we will have

f(z) = u(r,0) +iv(r,0).
Using the change of variables © = rcosf and y = rsinf to change into polar form
see that
u(z,y) + v(z,y) = u(rcos b, rsin ) + iv(rcosd, rsinb).
Now we want to find the partials U,., Uy, V;., Vy. To do this we will recall the chain
rule from Calc III to obtain

U, =U, X, +U,Y,
= Uz cost + uysinb.
Similarly we can find Up:
Up=U,Xo+U,Yy
= Uy (—rsinf) + Uy(rcosb).
Analogous computations show
V, = Vycost + V,sinf
Vo = Vy(—rsinf) + V,(rcosb).
Using the fact that V, = —U, and U, =V, (from the CR equations), we have
Vi = —=Uycos0 + U, sinf
Vo = Uy(—rsing) + Uy (r cosb).

From the partial derivatives we’ve computed (possibly along with a little linear
algebra) one can show that the polar Cauchy-Riemann equations are

Vo =rU, and Uy = —1rV,.

Example 8.11. Find the derivative of % using the polar Cauchy-Riemann
equations.



44 TRISTAN PHILLIPS




COMPLEX ANALYSIS 45

9. LECTURE 9: ANALYTIC FUNCTIONS AND HARMONIC
FuNcTIONS

Analytic Functions

Definition 9.1. A function f is analytic if it is differentiable. If f is
differentiable in an open set then f is analytic in that set.

Remark 9.2. Analytic functions are also called holomorphic functions.

Definition 9.3. If f is analytic for all complex numbers, call it entire.

Theorem 9.4. If f'(z) = 0 everywhere in domain D, then f(z) must be
constant in D.

(Recall that a domain must be open and connected).

Proof. Split f into real functions w and v as f(z) = u + iv. Since f'(z) exists, it
must satisfy the Cauchy-Riemann equations. We also have that

f(z) = Uy + iV, =0.

Thus, U, = V, = 0 and by the Cauchy-Riemann equations we must also have
U, =V, = 0. But now we see that all the partials of u and v are 0 so each of these
functions must be constant and so must f(z) = u + dv. (]

Remark 9.5. In general we will use In for the real logarithm and log for the
complex logarithm.

Example 9.6. Find the derivative of f(z) =In(r) + 6 for 0 < 0 < 2.

We must check that f(z) is analytic where it is defined. Notice that if
f(2) = u+iv then we have u(r,0) = In(r) and v(r,0) = 0. From these we
get the following partial derivatives:

Uy =

S§S
I
= O O
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Since rU, = Vy and —rV, = Uy, the Cauchy-Riemann equations are
satisfied. Moreover,

f'(z) = e (U, +iV;)

|
—i0 (=
(r +0)

(4]

I
SHIE

Notice that
log(re'® = log(r) + log(e'?) = In(r) + 16,

So infact the last example shows that the derivative of log(z) is 1/z.

[ Theorem 9.7. If f and f are both analytic, then f is constant. ]

Proof. Let f(z) = u+ v and subsequently f(z) = u —4v. Since f is analytic we
must have U, = V,, and U, = —V,. Similarly, since f is analytic, we must have
Uy = -V, and U, = V,. But now we have

Uy=-V, & Uy=V,=2U0,=0=U, =0,
and similarly
Uy=-V, & Uy=V, =2V, =0=1V,=0.

But now our partial derivatives are all zero. This means that v and v must be
constant and so f must be constant as well. O

Harmonic Functions

Definition 9.8. A real-valued function H(z,y) is called a Harmonic
Function if the following two criterion are met:

(1) All second partial derivatives are continuous
(2) Hye + Hyy = 0.

Remark 9.9. The equation H,, + H,, = 0 is Laplace’s equation. This equation
is important and physics. Harmonic functions can be used for problems such as
steady state of heat, electric charges, etc.

Theorem 9.10. If f = u + iv is analytic in a domain D, then u and v
are harmonic functions.

Proof. One of the things we must show is that the second partial derivatives are
continuous. We will hold off on showing this until subsequent lectures.
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We will however show that Laplace’s equation is satisfied. Since f is analytic
the Cauchy-Riemann equations are satisfied and we have

%(Uz =Vy) = Upz = V.
and 5
afy(Uy =—Va) = Uy = —Vay.
Now, by assuming the second partials are continuous, we have —V,, = —V,,.
Therefore,
Ugow +Uyy = Vyo — Vye = 0.
A similar argument shows that Uy, + V,,. Thus Laplace’s equation holds. [l
Consider e~ %, notice
=7 — p— Ty

= e “(cos(y) —isin(y))

=e T cos(y) —ie” " sin(y).
Recall that we have seen that e* is an entire function. Consequently this means
that u(x,y) = e * cos(y) and v(x,y) = —e *sin(y) should be harmonic functions.
Postponing the process of showing that the partial derivatives are continuous we

will just show that Laplace’s equation is satisfied. We have the following partial
derivatives:

Us
U,

~¥cos(y)
~Tsin(y)

= —¢
= —e "sin(
= —e T sin(y)

<

<

Vy = e “cos(y).
From these we get the second partial derivatives
Uze = e~ cos(y)
Uyy = —e~" cos(y)
Vee = € Tsin(y)
Vyy = —€~ T sin(y).
We see that Uy + Uyy = Vo + Vyyy = 0, and Largrange’s equation is satisfied.

Definition 9.11. If v and v are harmonic functions and satisfy U, =V,
and U, = —V, then u + iv is analytic and we say V is a Harmonic
Conjugate of U.

Example 9.12. Find a harmonic conjugate of U = 2xy.
First we must check that U is harmonic. Notice

Uz =0 and Viyy =0,

50 Uyy + Viyy = 0 and U is harmonic.
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10. LECTURE 10:UNIQUENESS, FUNCTIONS, AND
BRANCHES

Uniqueness

Theorem 10.1. Suppose f,g are analytic in domain D. Suppose further
that f = g at each point in an open set or a line segment in D. Then
f = g everywhere in D.

The following is an illustration of a domain containing a line segment and an
open set.

Later we will prove Theorem 10.1 with Taylor Series. Interestingly, we will see
that the Taylor Series converges to the function everywhere in D is the function is
analytic.

Recall that the Taylor series is

0 p(n)(
fy =3 L)

n!

n=0

We have the following beautiful theorem:

Theorem 10.2. (Reflection Principle) Suppose D is a domain symmetric
across the real azis. (In particular note that D must intersect the real axis
since it is connected). Then we will have

f(z) = f(Z) & f is real when y =0
(2 €eR— f(2) €R).
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Proof. First we show that assuming f(x + ¢0) is real implies f(z) = f(Z).
Notice that
f(z+140) = u(z,0) = iv(z,0) = u(x, 0).

Now let g(z) = f(Z) and see that
f@) = [z —iy)
—y) +iv(z, —y)
x, —y) — iv(z, —y).
Now define @ = u(x,—y) and ¥ = v(x, —y) so that g(z + iy) = @ — i0. From this
we get

€,

ul
u

@ = u(z,—y) b= —v(r,~y)
Uy = Uy (2, —y) Vo = —Va(a,—y)
Uy =Uy(z, —y)(-1) Ny =Vy(z,—y)
= Va(z,—y)

Notice U, =V, and V, = —U,. So g(z) is analytic.
Lets check g(z) on the real line (z = i0)
f(z +1i0) = u(z, —0) — dv(x, —0) = u(z,0) —iv(z,0),
by our starting assumption u(x,0) = f(z 4 i0). So, g(z) = f(z) on the real axis (a
line segment) and by uniqueness this implies g(z) = f(z) everywhere in D.
Thus, ¢g(z) = f(%), which implies
fZ) =17 = f(2).
This completes this direction of the proof.
Now we will show that by assuming f(z) = f(Z) and Z = « — iy it follows that
f(z +10) is real. We have
w(@,y) +iv(z,y) = u(z, —y) + iv(z, —y)
U(.T, y) - ’iU(SC, y) - U(ZL‘, 7y) + Z"U(:]'J, 7y)
Proceed by plugging in y = 0:
u(x,0) —iv(z,0) = u(x,0) + iv(z,0).
Putting all terms on the same side gives 0 = 2iv(z,0). Therefore v(z,0) must equal
0. This means that f(z +i0) = u(z,y) + 10, a real function. O

Example 10.3. Can we apply the reflection principal to f(z) = 2% — 227
Notice that f(Z) = Z° — 2z. And

fz) =22 -2z
=7° -2z
So f(2) = f(z). Moreover we have
reR— f(xr) =2 -2z €R.
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Thus both assertions of the reflective principle are true.

Example 10.4. Can we apply the reflection principal to g(z) = 2% —iz?
Notice that g(z) = 2% — iz. And
O
=7° +1iz.
So f(z) # f(Z). Moreover we have
r€R = g(x) =2° —iz ¢ R

Thus both assertions of the reflective principle are false.

Functions
We know e® = e* cosy + ie” siny.
Note: Normally z'/™ is thot of as nth roots, but for exponential functions we will
have
e/ = '™ cos 0 + ie'/" sin 0,
which is just a the function e*/” on the real line.
Properties of Exponential Functions:

ea+b _ eaeb
ea—b _ ea/eb
=1

d

—dF = d*
dz

e® £ 0 for all z € C.

These are all properties familiar to the real exponential function, but we also have
some additional properties:
le*] = |e”|le®] = e

ez+z27rk — ¢%.

Notice that e* is periodic in teh imaginary direction. Also, unlike in the real case,
e* may take on negative values; for example ™ = —1.

s N
Example 10.5. Solve e* =1+ for z.
Notice that

ef=1+1
eaceiy _ \/iei(rr/4+27rk)_

Thus, e* = 2 — 2 =In+/2 and y = 7/4 + 27k.
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Therefore z = x + iy = In\/2 + i(7/2 + 2rk).
On a side note, this means that log(1 + 1) = In /2 +i(7/4 + 27k).

We can define the complex log more gerneraly. Since log is the inverse of e*
notice

0

U = 4y = re’.

e

Soe¥*=r —=u=Inr and v = 6 + 27k. This means that

log(z) = In(r) + (6 + 27k).

Example 10.6. Find log(—1). This is just a direct computation:
log(~1) = log(e®)
=Inl+i(m + 27k)
=im(1 + 2k).

Branch

Definition 10.7. A branch is when we limit our angles 6 to a 27 range
a<f<a+?2r

where we call o the branch cut.

If —m < 6 < m, (the principal branch) we will use Log(z), (with a capitol ‘L’).
Note that log(z) is undefined at § = « (where « is the branch cut); log(z) jumps
by 27 across the branch cut.

For example if we have the branch 0 < 6 < 27, then log(z) will NOT be defined
when z = 0 or when Arg(z) = 0.

EII(I In(r) + i0 = In(r)
—0

Iglirgl In(r) +i27 =In(r) + 27
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Log Rules:
log(ab) = log(a) + log(b)
log(a/b) = log(a) — log(b)
log(a™) — rlog(a)
These always work for the multi-valued version of log, but NOT necessarily when

we have a branch cut. Also, if we have a branch, then we will have the familiar
derivative

—lo z—l
dz 87T

Example 10.8. Find Log(i(—2 + 2i)) and Logi + Log(—2 + 2i).
This can be done with log properties

Log(i(—2 + 2i)) = Log(i(—2 — 2i))
= Log(\/§e—i%”)
=Inv8- 13%
Now we find Logi + Log(—2 + 2i). This is again an application of log
properties.
Log(i) + Log(—2 + 2i) = Log(e'%) 4 Log(v8e~*F)
= In(1) +ig + In(vB) + i

= In(V8) + Z%r

From these two computations we see that
Log(i(—2 + 2i)) # Log(i) + Log(—2 + 21).
Thus in general Log(zw) # Log(z) + Log(w) when we have a branch.




COMPLEX ANALYSIS 55

11. LECTURE 11:COMPLEX POWERS, TRIG FUNCTIONS,
INTEGRALS, AND CONTOURS

Complex Powers

Definition 11.1.
20— eclog(z).

Example 11.2. Evaluate i°.
From our definition we have

?:i _ ei log(7)
— i(In(1)+(5 +2rk))
— o~ (F+2mk)

Interestingly we have that i* = e~ (Z127%) is aqlways a real number.

Normal rules for exponents still work,

Zaer — L0 b
a
a—b __ z
z -
b
(za)b _ Zab.

Additionally we have the familiar rules for z¢ and ¢ for some fixed ¢ € C differen-
tiation,

d c _ d clog(z)
dz° T dz )
= eclog(2) . €
z
c C
=2¢. =
z
— 026717
and
d z d zlog(c)
dz° dz©
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Examples 11.3.
d

oz = 2%1In(2
- n(2)

Eiz = 1% log(4).
Trig
Recall that e = cos(6) +isin(f). From this we can obtain the following formula
for cos()
e = cos() — isin(h)
e + e % = 2cos(6)
0 4 ,—if
cos(0) = e"te ™

and a similar formula for sin(6),

sin(f) = 5;
These should still work for complex 0, so we get the complex definition of the trig
functions ) ] . )
eZZ _|_ e*lZ . e’LZ _ 6712
cos(z) = — and sin(z) = —

from which all other trig functions follow.
Properties of Trig Functions:

— sin(z) = cos(z)

dz
T cos(z) = —sin(2)
— cos(z) = —sin(z
dz
sin? 2 + cos® z = 1
sin(z + 2m) = sin(z)
cos(z + 27) = cos(z).
Also sin(z) is and odd function and cos(z) is an even function. All these properties
are the same as they are in the real case. We show why sin? z 4 cos? z = 1:
eiz _ =iz 2 ¢i7 4 e—iz 2 (_ei2z —emi2z 4 260) + (ei2z +ei2z 4 260)
(2) + (2) - 1

NN

Integrals
When we take integrals we will take them over paths. A parametrization of a
path is

z(t) = z(t) +iy(t).
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For example, the following diagram illustrated a path from a to b:

b

Example 11.4. A familiar path is the unit circle:
cosf+isinf=e"? =1 and 0<6<2m.

e

an
L/

We can find the velocity, 2/(t) along a path s as follows,
Z(t) = 2(t) + iy ().

Taking the modulus of the velocity we obtain the speed,

/(O] = |2 (t) + iy’ ()] = V' (1) + /' (£)*.

We can also take integrals of along paths. Given a path w(t) = x(t) + iy(t),

/abw(t)dt _ /ab Re(w(t))dt + i /ab T (w (L)) dt.
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Example 11.5. Find the integral along the path w(t) = (1 + it)? from 0
to 1.
We can do this with as we described above;

1 1 1
/(1+it)2dt:/ 1—t2dt+i/ 2tdt
0 0 0
31 5|1
=t——| +i t‘
3 0+z< 0>

1
3+Z
2+.
=—41.
3

Lets see what happens if, instead of splitting the integral into real and
imaginary part, we just integrate directly from w(t):

1 1 1 2\ 2
/(1+it)2dt:/ %d(lﬂ't)
0 0
(1+it)3’1
31 0
1

— 2 ((1+3—13
=((1+9° — 1)
2 i
= — 4 1.
3
See that we get the same result this way.

Example 11.6. Calculate the integral foﬁ/4 efdf.

/ " iogg = 07

0 i lo
eim/4 o0
T 0
V2 V2
—7—2<1—7).

Contours

Definition 11.7. A contour (also known as a curve) is a path in the
complex plain thot of as a shape (as opposed to a parametrization).

Definition 11.8. A contour is simple if it does not cross itself.
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Definition 11.9. A closed contour is one that starts and ends at the
same point.

Simple Closed Countour Non-Simple Closed Contour

For simple closed contours we consider counterclockwise to be the positive di-
rection, or positive orientation.
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12. LECTURE 12:INTEGRALS OVER PATHS

Example 12.1. Calculate fo %dz where C' is the following simple closed
positively oriented contour:

Firstly we parametrize C' as
z = 2¢% for 0<0<2m.
From this we also have that dz = 2ie’df. Thus,

1 o
~dz = / 55 d0
o 2

c ?
2
:/ id
0

= 2mi.

(U J

In general for a given parametrization of a contour C, z(t) for a < ¢t < b, we can
find the integral of f(z) over C as

RECE / " pee) e

Remark 12.2. The following integral gives the length of the curve C:

/ab 12/ (1) dt.

Example 12.3. If C is the right half-circle of radius 5 centered at 0 and
oriented counter clockwise (as illustrated in the diagram) then compute

JoZdz.
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Now integrating we have
1
i = / (3t — 3¢ — i3(36)2) (3 + 3i)dt
03 0

= (—i9t3)(3 + 34)
= —i27 + 27.

1
0

Now notice that the previous two examples show that the integral depends uporjl
the path we take, despite having the same starting and ending points. However,
we will later see that if f(z) is analytic we do in fact get the same solution of the
integral regardless of the path we choose.

We close out this lecture with one final example.

Example 12.6. integrate [, z'/2dz over the positively oriented upper half
circle with radius 3.

Since 22 is multivalued, we have to pick a branch. We will choose the

branch —m < 0 < 3m/2.
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13. LECTURE 13:BOUNDS ON INTEGRALS AND
ANTIDERIVATIVES

Sometimes it is not necessary to compute exact values for an integral. For
example if we can show
b
/ (1)t
a

For some complex number r9e??. From this we know

/a 0t

b
ro = e*igo/ z(t)dt

b
= / et z(t)dt.

Note that rg is a positive real number and therefore the imaginary part of fj ez (t)dt
must be zero. From this we have

= | "oty = / "Re(e=(0)at

Recall that Re(z) < |z|, so

= rpe'?.

= |7‘oew°| =T7p.

But notice

b b b
7"0:/ Re(e“’oZ(t))dtg/ |e‘i9\-|z(t)|dt:/ 12(8)dt.

To summarize, we have shown the following:

Theorem 13.1 (Triangle Inequality for Integrals).
b b
/ z(t)dt S/ |2(t)| dt.

Remark 13.2. Notice the similarity between this and the standard triangle in-
equality

|21 + 22| < |z1] + |22].

We now prove the following useful theorem:

Theorem 13.3. Assume C is a contour with length L and |f(z)] < M

for all z on C'. Then
/f(z)dz <M-L
C
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Proof. Assume z ) for a <t <bis a parametrization of C. Then we have

t)dt

/|f <>\dt<M/ (1)l dt = M.

For the last equality note that f |2/ (t)|dt is the legnth of our contour C', which we
denote L. ]

Example 13.4. Given the contour C' illustrated in the following diagram:

A Im

find a bound for | [, Zt5dz|.
We have that

z+4

L2 =1
for some M and L which me must find. L is easy to find since it is just
the length of our contour, 4{
Finding M is not quite as easy. First we notice that
z4+4|  |z+4
23 —1 [23 — 1|
Using the triangle inequality we can show

lz+4| <|z|+ 4| =24+4=6

2% =1 2 ]2 = 1l = |2 -1 = 7.

‘<ML

= Tr.

Notice that we have used |z| = 2, since this holds for all z in C. From
these inequalities we have

|z + 4] < 5 _
|23 -1 = 7
So putting this altogether we have the bound

/ﬂd < 5
023—1

7
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Example 13.5. Find a bound for imp_, . ‘fCR %’, where Cg is the
origin centered half circle in the upper half plane with radius R.
Additionally we choose the branch —m/2 < 0 < 3w/2. We must choose a

branch since 2'/? is multivalued. We are trying to find M and L so that

S1/2
/CR 22+1
It is easy to see that the length of our curve is just L = wR.
Notice that |z|'/? = RY2, this will be helpful in finding M. By the
triangle inequality
|22 +1| 2 ||2*| - 1| = |[R* = 1| = R* ~ 1

for R sufficiently large. From this we can obtain our bound:

< ML.

lim
R— o

4172 R1/2
li < li =0.
| [ e < g () om0 =0
This means that
S1/2
lim / 5 dz| =0
and
1/2
lim dz=0

R— o0 CZ2+].

13.1. Antiderivatives.

D

In the above diagram we have
f(z)dz = f(z)dz = f(z)dz = F(z2) — F(21).
Cq Cy Cs

In particular, notice the similarity to the fundamental theorem of Calculus.

67

Theorem 13.6. Suppose f(z) is continuous on domain D. Then the
following are equivalent:
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(1) f(2) has an antiderivative F(z) defined thru out D. (Notice
F(2) = ().

(2) For any 2 points z1,2z2 € D, all integrals of f(z) on contours in
D from z; to zo give the same value.

(8) Integrals of f(z) around closed contours in D equal 0.

Proof. (2) = (3) is clear since to get a closed contour we just let the starting point
z1, and ending point z5 coincide.
(1) = (2). Assume we have F(z) with F'(z) = f(z).

Let 21,20 € D and C be a contour from z; to z3. Assume further that we can
parametrize our contour as a function of ¢, z(t) for a <t < b where z(a) = 2z; and
z(b) = z2. From this parametrization we obtain the following real integral

b
lj@ﬁzlfw@www

But notice

Using this we have

2(
Z(b)) F(z(a))
22) = F(z1).

Notice that this final expression for our integral depends only upon the starting
and ending points of the contour z; and 29, and thus is path independent.

(2) = (1). We need to find the antiderivative F'(z). To do this first pick some
zo € D.
We now define F'(z):

(
(
(

F(z) = / 2f(s)ds.

For some small Az we have

z+Az
F(z+4+ Az) — F(z) :/ f(s)ds
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Notice we also have

This suggests that

To show this notice

F(ZWLAZ)*F(Z) f(Z)AZ B 1 z+Az
Az Az Az (/2 (f(s) — f(Z))ds> )

So, for any € > 0 we can find a 0 so that |s — z| < |Az| <. Then |f(s) — f(2)] <e
and

z+0z
R RO

So we see that € goes to 0 as |Az| goes to zero. O
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14. LECTURE 14:INTEGRALS

We will need the following theorem from Calculus III.

Theorem 14.1 (Green’s Theorem).

e

Theorem 14.2 (Cauchy-Goursat). Suppose f(z) is analytic in domain
D, and C' is a simple closed contour in D and that everything inside C is

contained in D. Then,
JRCCE
C

- J

Proof. Let the parametrization of C' be z(t) where a <t < b. Let us write z(t) =
z(t) +iy(t). Then we have

ijWlUw@vwﬁ

b
= / (u+iv) (2’ + iy )dt

b
= / (u + ) (dz + idy)
:/ udm—vdy—i—i/ udy + vdzx.
c c
And by Green’s theorem

/c flz)dz = //A v~ uydA //A Uy — vydA.

But by the Cauchy-Riemann equations, u, = v, and u, = —v,, and so our integral
becomes zero. O

Theorem 14.3 (Deform Paths). Let Cy and Cy be positively oriented,
simple, closed contours with Cy insz’de of Cs. If f(2) is analytic between
C1 and Oy, then €¢, f(2)dz = fc 2)dz.

Proof. Consider the following diagram:
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&

@

From this diagram,

/Cf(z)dz = . f(Z)dZ—'_/C,- f(z)dz—i—/co f(z)dz — . f(z)dz.

But we know that this sum of integrals equals zero by the Cauchy-Goursat Theorem.
Notice however, that the contour C; = —C, as the distance between C; and C,
approaches zero. Thus we have

0= f(z)dz — f(z)dz.
C> C1

Example 14.4. For example in the following diagram we can deform the
contour Cq to the contour Cs.

In this diagram we have denoted singularities with dots. Note that in our
deformation process we cannot deform the contour ‘thru’ any singularity.
(& J
In the following example we deform a non-simple countour into several simple
contours.

Example 14.5. Notice that we can break an integral of a mon-simple
contour into separate parts where each part is a simple contour:
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Theorem 14.7 (Cauchy’s Integral Formula (CIF)). Let f(z) be analytic
everywhere inside and on a contour C' which is positively oriented, simple,
and closed. If zy is inside C' then,

1 f(z)
= — —dz.
F(z0) 2mi Jo 2z — 20 :
(equivalently [, %dz = 2mif(z0))
L ),

Proof. Let r > 0 be small enough so that |z — z9| = r is inside C'. Then

1) [ e,
c R — 20 C, zZ— 20
Now consider
/ /() dz — 2mif(z0) = () dz — 1 (z0) dz
Cc ?— R0 7‘Z—Zo CTZ—ZO

C,
:/ f(Z)—f(Zo)dZ
C, Z— 20 '

Since f(z) is continuous there is a ¢ so that |z —zo| < 0 implies |f(2) — f(20)] < 5.
In fact we can come up with a bound:

/ f(z) = f(20)
C, zZ— 20

It is easy to find that the length of our curve L, is 2mr. We can also find that
’ f(2)—f(20) €/(2m)
z—2z0 T

<M-L.

in our domain, is less than . Thus our

/ f(z) = f(20)
C, zZ— 20

Moreover, for any € > 0 we have

[ R e )

f(2) = f(20) .
/C,. T —2mif(20)

&)~ S
/ L o).

0

M, the maximum value of

bound becomes

<€

< €.

This implies
=0

and thus

Examples 14.8. Consider the following contour Cl:
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Lets see what happens when we play around with Cauchy’s Formula by taking
derivatives:

1) = g [ 1P

2m Joz— s

Fo= g [

T omi Jo (z—s)?
I 2 z

f(")(z) = n'/cf(z) dz

C2mi Jo (2 —s)nHL

What we have just observed is the extension of Cauchy’s Integral Formula.

Vs

Theorem 14.9 (Cauchy’s Integral Formula Extension).
[ IO,
c(

z—z)" 1 nl

2z

Example 14.10. Compute fc “rdz, where C is the unit circle.
Fist notice that we have the single singularity z = 0, which is in C. By

computing the first few deriviatives of f(z) = e?z we will be able to apply
the extension of Cauchy’s Formula:

fI(Z) _ 262z
f//(z) — 4622
f”/(Z) _ 862z.

Now we have

J
Let us now do an example with two singularities inside our contour of integration.

~

Example 14.11. Find the integral [, Czofﬁzl) dz, where z is the origin cen-
tered circle of radius 2.
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15. LECTURE 15:

[ Theorem 15.1. If f(z) is analytic at 2z, then f'(z) is analytic at zg. ]

Corollary 15.2. If f(z) is analytic at zg it is infinitely differentiable at z.

Remark 15.3. Earlier we used this fact (without proof) in our discussion of har-
monic functions.

Proof. If f(z) is analytic at zg, then f(z) is analytic in a neighborhood of zy. Let
C: |z—z|=r

be inside the neighborhood. From this and by Cauchy’s Integral Formula we have

. 2! z

Notice that this formula is true for any z inside C, so this implies that f'(z) is
analytic. [

Theorem 15.4 (Cauchy’s Inequality). Suppose f(z) is analytic inside
and on a positively oriented circle, Cr, centered at zy and with radius R.
Also let |Mg| = max |f(z)|. Then

|
£ (z0)| < MR

Rn

for a positive integer n.
\ y

Proof. By the extension of Cauchy’s Integral formula

n n! f(z)
£ (z9) = ZM/CR e

Taking the modulus of each side and bounding,

| |
70 Ge0)| = || / LG Yo
2pii cp (27— 20)"HL 27
We find the length of the curve, L = 27 R.
Finding M:
G _ Mg
|Z _ Zo|n+1 — Rn+1'
Thus,
! ' M M
(n) ‘< LR V) F e L0, 5 - JY e
1 e0)| < SoML < - AR =l

Theorem 15.5 (Liouville’s Theorem). If a function f(z) is entire and
bounded for all complex numbers. Then f(z) is constant.
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Proof. By our assumption f(z) is bounded and thus |f(z)| < M for some M.
Applying Cauchy’s Inequality on a circle Cr, centered at zy and having radius R,

M M
This holds for all R, so lets take R — oo:
M
"(z)] < —=0.
THOTEE
Thus f/'(z) = 0 and f(z) must be constant O

We now prove the familiar Fundamental Theorem of Algebra with complex anal-
ysis.

Theorem 15.6 (Fundamental Theorem of Algebra). Every polynomial
P(z) = ap+ a1z + -+ + a,2", with degree n > 1 has a root, (a z1 such
that P(z1) = 0). Then P(z) can be factored P(z) = (z — 21)Q(z) where
Q(z) is an (n — 1)th degree polynomial.

Proof. By way of contradiction assume that P(z) is a polynomial with degree n > 1,
and P(z) # 0 for all z € C. Thus f(z) = 1/P(z) should be entire. Expanding P(z)
we have

1

ao+arz+ - +apz™

flz) =

So,
Ip(2)] > |lanz"| — |ao + a1z + agz® + -+ an_12"" |
for all |z| sufficiently large, (say |z| > R). From this inequality we have
lanz"| > 2lag + a1z + - 4+ an_12" 1.
Thus
n n—1 1 n 1 n
|lanz"| = lag + a1z + -+ + an_12 ||>§|anz \>§|an|R .
_ 1 1
SO, |f(Z)‘ = m < W for |Z| > R.
Inside |z| = R there are no asymptotes, so |f(z)| is bounded inside the circle as

well. Therefore, by Liouville’s Theorem, f(z)is constant. But this contradicts the
fact that P(z) has degree n > 1. O

If 2z is a root of an nth degree polynomial P(z) (P(z1) = 0), then
P(z) = P(z) — P(z)
=a,(2" =) F a1 (" =)+ ar(z— 21) +ag(l - 1)
= (Z - Zl)Q(z)a

where Q(z) is a polynomial with degree n — 1.
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15.1. Maximum Modulus Principle.

Lemma 15.7. If f(2) is analytic in domain D, suppose |f(z)| in D. Then f(z) is
constant in D.

Proof. Notice |f|? = f(2)f(z) = C, where C is some constant. From this we have

f(z) = C/f(2). Thus f(z) is analytic. But now f(z) and f(z) are analytic; recall
tha this means f(z) is constant. O

Lemma 15.8. Suppose |f(2)| < |f(z0)| for all z in a neighborhood |z — z| < e.
Then f(z) = f(20) in the neighborhood.

Proof. We choose 0 < r < € be the radius of a circle centered at zy. Then by
Cauchy’s Integral formula we have

fz0) = 1 f(2)

= — dz.
21 Je, 2 — 20

Moreover, we have the following parametrization of C,.:
Cr: z(0) =20+ re’  for 0<6<2r.
And from this parametrization dz = rie’?df. Therefore

L[ f(zo 7€) . Lo i6
- = i ire?dy = — yde.
1(z0) 27 Jo retf e 27 Jo f(zo +ret)
(This is known as Gauss’s Mean Value Theorem).
From this we have

1 1

27 ) 2
1< g [ 1o+ e < o [ 1pa)ldd = 1ol

And thus

27
o)l = 5= [ 1o+ reas

Since |f(20)| > |f(z0 + re'?)|df we must actually have |f(z0)] = |f(z0 + 7e®.
Noting that the ‘biggest-spot’ equals the average. So every spot must bee qual. In
particualr

|f(z0)| = | f(2)] everywhere in the neighorhood

and |f(z)| =constant = f(z) is constant. O

Theorem 15.9 (Maximum Modulus Principle). If f(z) is analytic in
domain D, then either f(z) is constant in D or |f(z)| has no mazimum
in D (the mazimum is either on boundary or at infinity).

Proof. Suppose we have a max at zp in D. Then we know f(z9) > |f(z)| for all
z € D. But by the previous lemma we have that for z in a neighbor hood of zy we
must have f(z) = f(z0). By covering D in overlapping neighborhoods we see that
f(z) = f(20) all for all z € D.
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16. LECTURE 16: SERIES

16.1. Sequences. Sequences can be thot of as a ‘list’ of numbers:

21,22, %3y «--

A sequence is said to have a limit at zq if, for any € > 0 we can find an N such
that if n > N, then |z — z9| < e. These means that every term past zy is in a
neighborhood of |z — 2| < €.

Notation:

lim z, = zg.
n—oo

A sequence with not limits is said to diverge.

Theorem 16.1. If z, = x,, + iy,, has the limit zg = x¢ + iyy, then
lim z, =20 &

lim x, =z and lim y, = yg.
n—oo n—oo n—oo

16.2. Series. In general a series looks something like

o0
g Zn=20+21+22+ = lim S,
n— o0
n=0
where

Sp=z0+21+224+ -+ 2.
If >°>° , 2n converges then lim,,_,o 2, = 0.

Remark 16.2. In Calculus II this was known as the ‘Limit Test for Convergence.

If >0 |zn| converges, then > z,| converges too. If > °° |z,| converges
then we say the series is Absolutely Convergent.

Recall the familiar geometric series:
o0
1 .
Zz"zi if |z| < 1,
1-2
n=0
and diverges if |z| > 1.

16.3. Taylor Series. Some useful Taylor series:

x L
A _
©- Z n!
n=0
io: Z2n+1
sin(z) = (-1t ——
o (2n +1)!
> ZZn
cos(z) = » (=1)" O
n=0 ’
In general the Taylor Series of a function is
() (4
f(Z :Zf (0)(2720)71
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Theorem 16.3. Suppose f(z) is Analytic in a circle |z — zg| < R. Then
o S (20) n
f(z) = Z T(z — 20)
n=0

inside the circle.
L Y,

Proof. We will first prove for circles centered at zero, then generalize. For zg = 0

the Taylor series becomes
A ()
)= Z n! z
n=0

e
o

Choose z, inside the circle. Pick r so that |z1]| < r < R. Then by Cauchy’s Integral

formula
1
ERVANOF
2wt Jo, 2 — 21

flz1) =

=3 1_%71, and since
z

z
|21l < |z| =7 = ’—1‘ <1,
z
we can apply the geometric series formula:

1 2 2
> 1_ :’Z(Zl> Zziil

. Z1
z =0” n=0

Substituting this series into our formula for f(z1),

f(Z1)=% /C f(Z)Zzﬁldz
r n=0

1 (2) n
However, by the extension of Cauchy s Integral Formula

T8 42 = 20 p o),

3
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Substituting this into our formula for f(z1)

> f(n)
ey =3 L0

n!

n=0
This is the Taylor series centered at zp = 0 (aka the Maclaurin series).
To find the Taylor series centered at a general zg let g(z) = f(z+ 20). We know
f(#) is analytic in |z — 29| < R, which implies ¢(2) is analytic in |z| < R. Explicitly,

> g(n)
fletm)=gz) =3 & Do
n=0 :

> #(n)

> L
—~ ol

And we have the Taylor series for general z,

2 ™ (2)

f(z)=f(z—20+20) = Zin! (z —z0)™.
n=0
O
'a )
Example 16.4. Find the Taylor series of f(z) = z%e3* centered at 0.
Notice f(z) is entire, so the power series always works. We know
X _n
E
“ - nz:;) n!
oo
3z __ (32)77,
=3 !
n=0
S 3nzn+2
2 3z __
P =3 -
n=0
So
3022 3123 324
L R TR TR
_ i 3n—2zn
= ——
= (n—2)!
This is our Taylor series.
(& J
e ™
Example 16.5. Find the Taylor series of sin(z) centered at /2.
We know that the Taylor series should look something like
(o)
P GICEE TS
n=0
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From trigonometry we know sin(z) = cos(z — m/2). But we know the
the Taylor series

oo
(z = m/2)*"
cos(z — m/2) = Z W
n=0
which is also the Taylor series we want.
(& J
'a )

Example 16.6. Find the Taylor Series for z_j-4 centered at z = 0.
We will use the geometric series.

for ’%| < 1. In other words

1 2 (=1)n2”
z+4:Z for |z| < 4.

Example 16.7. Find the Taylor series of f(z) = ﬁ centered at z = 2.
Rewriting f(z) we have
1 1 1 1

f(z) = = = .
T z+4 6+(z2—-2) 6 1+Z2 6 l_l_(f(zﬁﬁ))'

Applying the geometric series
1 1 1 (—(z—2)\"
o) = § e =13 ()
6 —(2=2 6 6
L (52) &

when ‘#‘ < 1. Simplifying this we obtain the Taylor series

1 o (D)2 = 2)"
z+4:Z G for |z — 2] <6.

n=0

\ J

Remark 16.8. In the previous example we say that 6 is the radius of convergence.

( Example 16.9. Find the Taylor series of f(z) = % centered at 2i. W
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17. LECTURE 17: LAURENT SERIES

17.1. Laurent Series. For example e!/?

doesn’t work at z = 0.
But we do have the power series

is not, analytic at z = 0, so Taylor series

This series works for z # 0. This is like Taylor series, but with negative powers
also. We call such a series a Laurent series.

( )

Theorem 17.1 (Existence of Laurent Series). Suppose f(z) is analytic
in the annulus Ry < |z — 29| < Ra.

/3

Let C' denote a positively oriented simple closed contour around zg and
lying completely in the annulus.
Then we have the Laurent series

f(z) = Z Cn(z — 2zo)"

n=—oo
on Ry < |z — 29| < Ra, and where

1 f2)
n=— | ————dz.
21t Jo (2 — zp)" 11 :

Proof. Start with zgp = 0. Then fix z; in the annulus as illustrated in this diagram:
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Choose 11 and ro such that Ry < |z1] < 73 < Ra. Let 7 be a small circle around

z1. Then
/CT Md,z— f(z)dz—/c /(2) dz=0

22721 ,YZ*Zl zZ— 2z

T1

since (if you go along the paths in a certain way) the interior of the path of inte-
gration is analytic with no singularities we use Cauchy-Goursat. In particular we

have
fz) . fz) f(=)
[yzzldz_/cr zledz /CT zledz‘

2 1
But by Cauchy’s integral formula,

ﬁdz =2mif(z).

,YZ—Zl

Thus

flz1) =

1 f(2) 1 f(2)
/C dz dz

211 2720 211 c, 24

On C,, |z| > |#] so

1 z 1 (21 no — I
2—21_zz—(zzl)_zn2_%<z> _;::OZ”‘H'

Conversely on Cy, |z] > |z so,

—-1 11 I /2z\" 2"
SmarEoax(s) “igm
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Rewriting this sum,

o
Z zZ" 1 n z n 22 n
n+t1 — . " 2T 3T
o 24 2 22 23
alal al a
1 z=1 g1 2
1
21
- Z on+l”
n=—oco

With these two series we can rewrite f(z1) as

o] -1
e SNY
0= g f,, 1O st g [, SO 3 S

But we have that C,,, = (), since our series are both analytic on our annulus, so,

o0

L[ 1) n

flz1) = Z (27” g d2>)21-
n=0

And this is the Laurent series of f(z) centered at zg = 0. For the Laurent series

centered a t a general zy we can do a change of variables as we did in the Taylor
O

series proof.

Example 17.2. Find the Laurent series of f(z) = -5 — X5 centered at
0.

Im

We will end up with 3 series (due to locations of singularities). The
three series will be for |z| <1, 1 < |z| < 2, and |z| > 2.
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With these sums we find the following Laurent series for |z| > 2:
—il

flz) = Z (1—2_"_1)2"

n=—oo

From our general Laurent series we have

_ 1 f(z)
Cn — %/C(Z—Zo)n+1dz.

And from this

1
= o / f(2)dz,

which we can rewrite as

/f(z)dz =2miC_;.

(&

17.2. Properties of Taylor & Laurent series. We give a list of some useful
properties Taylor and Laurent series:

e Converges absolutely in a Circle/ Annulus.
e We can add/subtract/derivative/antiderivative term by term.
e Unique for zg, in an annulus (possibly a circle).

Note that tho we can divide and multiply these series, it is quite difficult in practice.
Now we will show two different ways to find the Laurent series of ﬁ The
1.1

1= ' 7= In the second
z 1—=z

first way is straightforward; just split the function into

way we make the clever realization that ﬁ = % (1;).

Carrying out the ‘fist-way’ we have

1 1 1
1-2)2 1—-2z 1-2

(%) (&)

=(Q+z+224+2 4+ )1 +z+22+22+)
=1+224322 +42° + -+

= Z(n +1)z".
n=0
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The alternate way of deriving this Taylor series is by makeing the (1_%)2 =

a (1 ).
dz \1—z )

=04+1+22+322+322+423+ ...

Comparison of these two methods highlights the relative difficulty of multiplying
power series as compared to differentiating power series.
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18. LECTURE 18: SERIES

Definition 18.1. A singular point, or singularity, of f(z) is a point
where f(z) is not analytic but it is on the boundary of the set where f(z)
is analytic.

Definition 18.2. An isolated singularity is a point where f(z) is not
analytic, but f(z) is analytic in the rest of a neighborhood.

Examples 18.3. :

° % has an isolated singularity at z = 0.

o Log(z) with branch —m < 6 < 7 has singularities along the nega-
tive real azis, but no isolated singularities.

Suppose f(z) is analytic on the ‘annulus’ (in this case more of a ‘punctured disk’)
0 < |z — 20| < R. We know f(z) has Laurent series
C_o C_q

flz) ="+ 5+ + Co+ Ci(2 — 20) + Ca(z — 29)> + - +-
(z — 20) (2 — 20)

Referring to this Laurent series we make the following definition.

Definition 18.4. The C_; coefficient of the Laurent series of f(z) (as

written above) is called the residue of f(z) at zy and is denoted Res(f).
20

‘We have the formula

1
Res(f) =C_1 = — z)dz
s(f) = Ca = 5 [ 1)
where C' is a simple, closed, positively oriented contour around zy. We can rewrite
the above equation in a useful way:

/ f(z)dz = 2mi - fies(f).
C 0

Remark 18.5. One may wonder where the term ‘residue’ comes from.
If we consider taking the integral of the Laurent series, we can apply Cauchy
Goursat to most of the terms to find out that they disapear. The only term that

remains after integration is Zflzo. In particular

/ O dz = 2miC_1.

zZ— 20

And we see that the residue is the only part left after integration.
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First we will find the power series for % centered at 2:
1 1

z 242z2—2
1 1

S

And from this
1 1 (1 (z—2)2+(z—2)2_(2—2)34_.“)
2(z—2)*  (2—2)*\2 22 23 24
1 1 1 1

1
:2(2—2)4_22(z—2)3+23(z—2)2 _24(z—2)+2_5_""

So, R2es (m) = 5—41 = I—é. And

1 -1 —T
- dr=omi =T
/C P ) L T

-~
Theorem 18.9 (Cauchy Residue Theorem). Let C' be a simple, closed,
positively oriented contour. If f(z) is analytic on C, and analytic inside
C except for a finite number of points zy, then

/ f(z)dz = 27m'ZRes(f).
@ ok
L

This theorem can be proved using deformation of contours.

Example 18.10. Find the integral fC Z‘Z—j)dz where C' is an origin cen-
tered circle with radius 2.
We will want to find Rées and Rles. First lets find Rées. To do this we

find the power series of

1 .
T

z—

1 1l = .
z—l_l—z__nz:%Z'
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Then from this we have
5z — 2 5z — 2 = n
z(z—1) _( z ) <_ngoz )

:(5—%)(—1—2—22—z4—-«~)

2
:(—5—52—53’2—5z3—---)—|—(;—|—2—|—2z—|—2z2—|—2z3+-~-)

and we see that Réas = 2.
We now find Rles. We have the following power series

1 1 > —~
T e
Also 52-2 5:-5+3 . 3
z—1 z—1 z—1"

From these we have

fé—if> - <5+%) (I-E-D+E-1?=(-1"+ )

=(5-5(z—1)+5(z—1)2=5(z—1)3+--+)
+<Zf1—3+3(z—1)—3(z—1)2+-.-).
ThusRles:S.

From the two residues we found we have

5z — 2
———dz =2mi(2 = 107i.
/Cz(z Y z =2mi(2+ 3) Oms

18.1. Partial Fractions. A tool that often helps in finding residues is partial
fraction decomposition. For example in the previous example we could have used

partial fractions to find
52—2 2 3

2(z—1) 2z 2-1
Immediately from this we see that the residues are 2 and 3.
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19. LECTURE 19: SINGULARITIES

19.1. Types of Singularities. Say we have the Laurent series

fo) = C O +(C‘1

(Z — Z())3 (Z — Z())2

zZ— 20

] + Z Cn(z — 20)™.
n=0

If lowest power term is C'_,,, we say that there is a Pole of Order m.

A pole of order 1 is also called a Simple Pole.

If infinitely many negative power terms we say that we have an Essential
Singularity.

If there are no negative power terms we have a Removable Singularity.

ol/%

Example 19.1. What are the singularities of f(z) = (=) ?
The singularities are
e An essential singularity z = 0.
o A pole of order 8 at z = 1.
e A simple pole at z = —5.

19.2. Residues at Poles.

s a
Theorem 19.2. f(2) has a pole of order m at zy if and only if
$(2)
z) = ————
f( ) (Z . zO)m
for ¢(z) an analytic function such that ¢(z9) # 0. Then
¢m—1(zO)
(z — 20)!
for a simple pole, Res = ¢(zp).
20
L J

Proof. (=) Assume we have a pole of order m, then

Cfm + C—(m—l)

f(Z) = (Z _ ZO)m (Z _ Zo)m—l
= % (Comp+ C_ -1y (2 —20) +-++)
(z — 20)

Taylor series for ¢(z).

And we see that ¢(z) is analytic (since it has no negative powers) and that ¢(zg) =

C_m #0.
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(<) We have
¢(2)
z =
1) = 2
1 2 m—1 m
=——— (do+di(z—20)°+ + dmn1(z — 20) +dm(z—20)" ++)
(z — z9)™
do d1 d2 dm—l
= + + ot tdy +
(z—2z0)™  (z—20)" 1  (2—2z9)m 2 (z — 2p) "
From this we see that z is a pole of order m and also
_ _ (b(mfl)(ZO)
%Ss(f) - dm—l - (m — 1)'
since d,,—1 is the m — 1 term in the Taylor series of ¢(z). O
s N
Example 19.3. Find the residues of f(z) = Z5.
We can rewrite f as
z+1
&)= s+
This makes it clear that the singularities of f(z) are £3i. Finding the
residues we have
(z+1)/(z+ 37) $(31) 3i+1
Re = — = -
3i (z — 3i) 0! i
where ¢(z) = zz—t?}z Similarly
(z4+1)/(z—=3i)\ _ &#(=3i) 1—3i
13‘3?( 2+ 3i 0 6
where ¢(z) = ZE-.
(& J
( )

Example 19.4. Find the residues for ?C%
We have singularities at 0 and —2. The singularity at 0 is a pole of order
2. Finding its residue
2 /
res (2 E42) _ 40

22

where ¢(z) = cos(z)/(z + 2) and thus
—sin(z)(z + 2) — cos(z)

¢/(z) = (Z + 2)2 = ¢/(0) = (2 2

The other singularity is just a simple pole, so

Res (L) — g - 22

where ¢(z) = <&

z
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19.3. zeros.

Definition 19.5. f(z) is said to have a zero of order m at zy if

flz0) = f/(2) = f(2) = - = F™ D(z) =0,
but £ (29) # 0.

Example 19.6. 2> has a zero of order 3 at z = 0 since
flz)=2"= f(0)=0
f'(z) =22 = f'(0)
f'(z) =4z — f"(0)
f"(2) =4 £(0)

0
0
4

Theorem 19.7. A analytic function f(z) has a zero of order m at zo if
and only f(2) = (2 — 20)™g(2) for some analytic function g(z) such that
9(z0) # 0.

Proof. We have the Taylor series
f(Z) :CO+01(Z—Z())+CQ(Z—ZO)2+...+Cm(z_z0)m+.“

(m)
where ¢, = fi(,zo) All terms of the taylor sere is up to the term with power

m — 1 are equal to 0. ([l

Remark 19.8. This theorem implies the uniqueness theorem. This is because
saying f = g on an open set of a line is the same as saying f — g = 0. If the zero is
of order m, then f — g = (z — 29)"h(z) where h(z) is analytic and h(zp) # 0.

Theorem 19.9. Let p(z) and q(z) be analytic at z = zy and also have
p(20) # 0 and q(z) have a zero of order m at zo. Then p(2)/q(z) has a
pole of order m at zg.

Example 19.10. What is the order of the pole at z =0 in m ¢
Let g = z(e* — 1). We know ¢q(0) = 0. Also

¢ (z)=1("—1)+ze* = ¢'(0) =0

q"(z) ="+ e +ze* = ¢"(0) = 2.

Thus Z(€+_1) has a pole of order 2 at 0.
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Theorem 19.11. Let p(z) and q(z) be analytic at zo with p(zp) # 0 and

q'(20) #0 (i.e. q is a zero of order 1). Then Res (2) = 2(z0)
= \4 q’(z0)

Proof. We have q(z) = (2 —20)g(2), then g(z) is analytic at zg and g(zp) # 0. Then

p__ p)
q (z2—20)9(2)

So by the previous theorem,

p(z) _ (p(2)/9(2))

q(2) Z— 29

Res (2) = ¢(z0) = p(zo).

Z0

and

But,

q(z) = (z — 20)9(2)

¢'(z) =1-g(2) + (z = 20)9'(2),
50 ¢'(z0) = g(z0) + 0. Thus

Res(p/q) = =
20 Z0

: ; +1
Example 19.12. Find the residues of 5.

Firstly note that the singularities are at £3i. Using the previous theo-
rem, lettingp =z +1 and g = 2> + 9, we have

Cp(3i)  3i+1
Res= 760 — 2030

_p(=3)  -3i+1
Res= 7 3~ 2(=39)

(& J
If you try this method and ¢'(zp) = 0 then this means that zp is not a simple
pole and you will have to use a different method to find the residue.

Example 19.13. Find R(?S(COt(Z)).
Using the p/q' method with p = cos(z) and q = sin(z),

cos(z) cos(0) 1 1
ROeS(COt(Z)) - R(?S <sin(z)> B sin’(0) - cos(0) 1 L
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20. LECTURE 20: INPROPER INTEGRALS

In calculus

00 R
/ f(z)dz = lim f(z)dx.
0 R—oo J

Similarly
k

0o R
/_OO f(z)dx = Rli_r}n()o/k f(x)dx + Rli_r)nOO f(z)dz.

-R
We will now give a technique for solving improper integrals which uses complex
analysis. This technique is best illustrated thru examples.

Example 20.1. Find [;* xg”—j_ldx = limp_s00 fOR mé”—j_ldx.

Consider the contour C = CL UCrUC_ where Cy is the integral from
the origin to R along the real axis, C'r is the origin centered half circle
with radius R lying in the upper half-plane, and C_ is the contour from
—R to the origin along the real azis. These contours are illustrated in the
following diagram.

C

Cr

Re

A 4

C-

Ny

Note that we have the following equality of (complex) integrals,

2 2 2 2
z z z z
———dz= —dz + / —dz + / ——dz.
/cz6+1 /C+26+1 cp 28 +1 c 25+1
Also,

B41=0= 28 =1 =itk

P ei(ﬂ”/6+27rk/6) )
i /6

. oy . 2 . . . .
Therefore the singularities of _#5 which are inside C are e i, and

e®7/6 . And so

2
/ 6Z = 27 (Res + Res + Res > .
c ? +1 eim/6 i £i57/6
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Using the p/q' method:
P % 1

il
Substituting this into our formula for the integral around C,

2, (1 1 1
cB+1 "\ Geisn/o T 63 T gaitsn/e

ol 1,1
= <N BT 6 6

™

o
Now lets find the integral along C—. To do this we will use the parametriza-
tion z = —t for 0 <t < R and dz = (—1)dt to obtain

Z2 (_t)Z
/C, A1l ldz = O/C, —(—t)6 n 1(—1)dt
R 42
t
= —dt
/0 t64+1
R 2,
:/ Gx dx.
o z2°+1

Notice that we have the integral on C_ in terms of the integral we want to
find. Now we will fin the integral on Cr. We will use the M - L method,

2
/ Bt
CRZ +1

for L = 27 (the length of Cr. Also, on Cg, |2?| = R? and |2® + 1] >
||z|6 = 1{ = R® — 1. Therefore

<M-L

22 R?
< = M.
zﬁ—l—l‘ ~ R6 -1
Therefore
2 TR3
dz| <M -L=——.
/CR P RS _ 1

And as R — oo this expression goes to zero (because the power is higher
in the denominator than the numerator). From this we must have

2
CRZ +].
So we have
22 22 22 22
dz = ——d ——d —d
/Cz6+1z /C+z6+1z+/ch6+1Z+/Cz6+1z
o 2
L?/J;m
3 o x8+1

[e’e} 2
L?/J;m
3 o 641

So as R — oo
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Cr

e

Then we will have the equation

1 1 1 1
/ dz:/ dz—l—/ dz—l—/ dz.
CZ”+1 C+Zn+]. CRZn+]. C_Zn+1

The singularities of ﬁ are the zs satisfying 2z = —1, which are z =

e™/MT2mk/n - Only one of these n singularities will end up being inside C';

namely e™/™. By the p/q’ method we have % =—L . And so

nzn—1

1 ) 1 2mi 1 —27% i
dz=2mi| —mm | = — = = en .
c 2"+ 1 ne—— no el n

Now lets find fc_ ﬁdz. We can parametrize C_ as z = te'?™/™ for

0 <t < R and thus dz = ei2m/ndt. Using this parametrization we can
compute the integral

1 R 1 o
/ dZ:—/ #61 Tr/ndt
o A1 o (e )" 41
R
1 127
:_/ e dt
o th+1

R
o 1
= —627/ dx.
o T"+1
So we have

1 1 1 1
/ dz:2/ dz+/ dz+/ dz
c " +1 c, 2 +1 cp 2"+ 1 c 2"+1

; R
= —_27”6”/" = (1 — eﬂ”/”) / 1 dzx —|—/ L dz.
n o z"+1 cp 2"+ 1

So we must find fCR Z+_Hdz. Firstly notice

1
/ — 1dz
cr #" T

<M-L
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21. LECTURE 21: JORDAN’S LEMMA AND INPROPER
INTEGRALS

21.1. Jordan’s Lemma.

Theorem 21.1 (Jordan’s Inequality).
T . T
/ e—k sin 0d9 < Z
0 k

for k> 0.

Proof. We want to replace —ksin § with something we can integrate. Recall what
the curve sin 6 looks like:

Also notice

T ) /2 )
/ e—k51n9d9 _ 2/ e—ksmedel
0 0

Consider the line y = %9. This line, illustrated as the dashed line in the following
diagram, is a lower bound for sin 6.
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That is %9 <sinf for 0 < § < 7/2. Thus —k%ﬂ > —ksinf and e k70 > o—ksind,

So,
/2 ) /2 5 5
2/ e Fsinlgp < 2/ e FEx0dg
0 0
—T —k2|%
2 —e ¢
< ( ok ¢ 0 )
-7 _, T
- 21
%O
<
it
(]
r N
Theorem 21.2 (Jordan’s Lemma). Let f(z) be an analytic function in
the upper half plane outside of |z| = R. If...
e Cr=2=Re" for0< 6 <.
e On Cg, |f(2)| < Mg and limp_,oo Mp = 0.
e a is a positive real number
Then,
lim / e f(2)dz| = 0.
R—o00 Cr
\ y,

Proof. We have

/ emRewf(Rew)iRede‘ )
0

/CR e f(2)dz

iaRe" = iaR(cos# + isin @) = iaR cos§ — aRsin 6.

But,

Thus
/ﬂ' eiaRcosOe—iaRsinGf(ReiO)iReiOde‘ .
0

/ eiaRewf(Rew)iRewdH‘ =
0

Then we have the inequality

0

/ eiaRcoseeiaRsin@f(ReiG)iReiGdg’ < / 1.67asin9MRRd0 — MRR/ efaRsinede.
0 0
By Jordan’s inequality
MRR/ e—aRsintgg < AroR T — Ml
0 aR a
But now

lim ‘ / €97 f(2)

R—o0

™
S lim MRf =0.
R—o0 a



108 TRISTAN PHILLIPS

cos(x)

Example 21.3. Calculate fooo Tror dz = limp 00 fOR Cloj(;z) dz.
We consider the complex integral

eiz eiz eiz eiz
o d= -S4 £ 4 S
/Cl—l—zQz /C~+1—|—z2 Z+/C~R1—|—z2 Z+/C71—|—222

where C'= Cy UCRr UC_ as illustrated:

Im

C

Cp

Re

Y
Y

o oy

We have singularities at +i, but only i is inside our contour C. Finding
the residue we have Res = p(i)/q' (i) where
K3

1z iz i 1
1—) = € = 2 = e— = RGS == = —-
qg 1+ 22 q ez i 2i  2ie

So,

/ € dz = 2miRes = E.
o1+ 22 i e

iz R i
/ 6_2dzz/ i
c, 1+2 o 14z

Additionally by parametrizeing C_ as z = —t for 0 < t < R we have

etz R ei(=t) R e it
C dr=— S _(—1dt= [ St
/0714-,22 : /0 T+ Y /o 1+

For the integral along C'r note

We also have

=0.

lim
R— o0

] L —

Thus we can apply Jordan’s Lemma to obtain

/ eiz 1
Cr 1 = Z2

From these integrals we have just found we have the equation

R iz R —ix iz
T e e e
T_ | £ 4 £ 4 L
e /o 1+372m+/0 1+x2x+/031+222

lim =
R— o0
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To find the integral on C'g first consider the inequality
|2 +224+2| > R? — 2R — 2.
So

z R
< .
22+2z+2‘ ~ R2-2R-2
But limp_s o ﬁ = 0, since the power of R in the denominator is

higher then the power of R in the numerator. Thus by Jordan’s Lemma
we can find that

- z
I (S
Jraes CRe 2242242

From the integrals we’ve found we have

R aw %

: xe ze'z
“14)e L = v e S P
m(=1+1de /_Rx2_|_2x+2+/CRz2+2z—|—2 :

Takeing the limit of this equation as R — oo,

o0

Nl x cos(x) + isin(z)
St —Rh_r)noo _ 22+ 2x+ 2

With some algebra we have

> xcos(z) . [ xsin(x) )
————d ——————dr = —(— 1 1
/oom2—|—29:—|—2 z+z/mx2+2x+2x e( cos(1) + sin(1)

3

= ig(cos(l) + sin(1)).
Thus,

> zsin(x) T )
/Oo md.’ﬂ = e (COS(l) = sm(l)).

Example 21.5. Compute the integral [~ %dw. We will use the
contour C' = Cy U Cr UC_ where Cy 1is the contour from the origin to
R along the real line, Cr is the origin centered half-circle contour with
radius R, and C_ is the contour from —R to the origin along the real azis.

Considering this contour we have the equation

/ Ldz—/ Ldz—i—/ Ldz—/ Ldz
C (22 aF 4)2 a Cy (22 I 4)2 @) (22 aF 4)2 o C_ (22 = 4)2 ’

Notice that the zeros of 2% + 4 coincide with the singularities of (Zf%)Q
and are +2i; however only 2i is in our contour. Now we will use the ¢
method of finding the residue at 2i. Doing some algebra,
eiz _ eiz B eiz/<z + 2i)2
(224+4)2  (2—2)2(2+2i)2 (2 —2)?

Let ¢(z) = ﬁ Then

(z + 2i) — 2e**
(z + 20)3

#(2) = &
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Thus ; 2(4.) - 602
e 1) — 2e —be™

=] / 2 =] =] .
S =) (4i) —64i

And thus

e —6e2 m6e2 3m
— % __dz = 2riRes = 2mi - - T
/c (2 +4)2° T TP 7”( —64i ) 32 16e2

For the integral about the contour Cy,

eiz eiz
Gl — i
/C+ 2142 T @@raz®

For the integral around C_ we use the parametrization z = —t for 0 <

t < R. Then -
1z —t
/ _ & g / e
o (224+4)2 o (t2+4)2

For the integral on Cr notice that
1 1
< .
(224+4)2| — (R—4)?

But, limg_, oo ﬁ =0, since clearly the denominator is growing faster

than the (constant) numerator. Thus by and application of Jordans lemma

we can find

: 1
I Bt~ _dy=0.
R CRe (22 +4)2 :

Therefore, combining the integrals we have found, we have

3m B gim =8 et?
= d ———dz.
16¢2 /0 @rap™t /CR (2 +42"
Taking the limit of this equation as R — oo,

3 _/°° 2 cos(z) &
162 Jy (z2+4)2 7

In particular, this implies

* cos(z) 3
/0 (2 +4)2 do = 32e2’
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22. LECTURE 22: MORE INPROPER INTEGRALS

Example 22.1. Compute the integral fooo };;(jji dx.

We will consider the complex integral pr 1;’5_(3(12, using the branch

—m/2 < 0 < 3mw/2. We will use the contour C = C; UCrUC_UC,:

Im

C Cr

|
|
|
|
1
1
|
|
Y

From this contour we have the equation

log(z) / log(z) / log(z) / log(z) / log(z)

8% 4. | 8% g f 8¥ g f 8% . [ 8% 4
/c<z2+4>2 o, @A o, @2 ol B a2 o,
Rewriting (:;g_ézgz as (2_22(;%%2_21.)2, we see that the singularities of this

function lie at £2i with only 2i inside the contour C. Using the ¢ method

to find the residue
log(2) o
= _— = 2
Hes = Res ((z Tz ) =9 @)

where ¢(z) = log(z2)/(z + 2i)? and thus

vy (1/2)(z +2i) —log(z) - 2 - (2 + 2i)
¢(2) = (2 + 2i)*

Therefore
(1/24)(2¢ + 2¢) — log(2i) - 2 - (24 + 24)
(2i + 2¢)4

Res = ¢/(2i) =

2 —2(In(2) + in/2)
—641

1— (In(2) +in/2)
—32 '
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Thus,

1
/ 08(2) z = 2miRes
C 27

2+ 4)? |
o (1 ~In(2) - m‘/2>

—32
m(2 —21n(2) — 2 + im)
- —32
_ 7m(2In(2) — 2 4 4m)
B 32 ‘

For the integral on Cy we have

log(z) B In(z) "
/C+ (22 +4)2 _/p 1,2_|_4)2d :

For the integral on C_ we parametrize C_ as z = —t for p <t < R. Then

R _ R _
o (2 +4)? p (62 +4)? p (2 +4)2
And noticing that log(—t) = In(t) + i,
R R .
log(—t log(t
/ —(;g( )2 dt = / —OgQ( )+ .
p (t2+4) P (t2+4)
To find our integral on C'r we consider the bound
log(2)
————=d
/CR = +4p”
where L = TR is the length of the contour and from
(2 + 4% > (R? — 4)? and llog(z)| = |In((R) + 46| < In(R) + 7

we have

<M-L

In(R) + 7
M=———.
(72— 0
Thus )
/ log(z) dz‘ < TRIn(R) +m R'
cr (22 +4)? (R? —4)?

And taking the limit of this inequality as R — oo:
7RIn(R) + 7R

: log(2) :
o 1| <
A /CR Z+ %S M R st 16
. 7wIn(R) + 72
< lim W T
= Rbeo 4R3 — 16R
< lim A =0

~ Rsoo 12R2 — 16

In particular this implies

lim —log (2)

dz = 0.
R— o0 Cr (22+4)2 ~
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