
Solutions - Section 43

(4) CR is the upper half circle |z| = R, counterclockwise. Assume R > 2.

|2z2 − 1| ≤ 2|z|2 + | − 1|
≤ 2R2 + 1

|z4 + 5z2 + 4| = |z2 + 1| · |z2 + 4|
≥ ||z|2 − |1|| · ||z|2 − |4||
≥ (R2 − 1)(R2 − 4)∣∣∣∣ 2z2 − 1

z2 + 5z2 + 4

∣∣∣∣ ≤ 2R2 + 1

(R2 − 1)(R2 − 4)

L =
2πR

2
= πR∣∣∣∣∫

CR

2z2 − 1

z2 + 5z2 + 4
dz

∣∣∣∣ ≤ πR(2R2 + 1)

(R2 − 1)(R2 − 4)

Since the highest power of R on the right side is R3 in the numerator and R4 in the denom-
inator, the right side goes to 0 as R goes to infinity. Therefore the integral also goes to 0 as
R goes to infinity.

(5) CR is the circle |z| = R, counterclockwise. Assume R > 1. Note that Log z is the
principal branch, so −π < θ < π.

|Log z| = | lnR + iθ|
≤ lnR + π

|z2| = R2∣∣∣∣Log z

z2

∣∣∣∣ ≤ lnR + π

R2

L = 2πR∣∣∣∣∫
CR

Log z

z2
dz

∣∣∣∣ ≤ 2πR lnR + 2π2R

R2

lim
R→∞

2πR lnR + 2π2R

R2
= lim

R→∞

2π lnR + 2π + 2π2

2R

= lim
R→∞

2π
R

2
= 0

In the limit evaluation we used l’Hopital’s rule twice. Since the modulus of the integral goes
to 0 as R goes to infinity, the integral goes to 0 as well.
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