Solutions - 2.1/2.2 Continuous Functions

(9) Show that
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As long as |z — (—3)| < & = ¢, then |[2=2 — (—6)| < e.

(12) Show that
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| aslongasd <5, =>4

As long as |r — 9] < § = min{5, 5¢}, then |f5__93 —6] <e.

(21) For all z € R, define

) = 1 if 2 is a rational number
] 0 if zis an irrational number

Show that every value of x, f is not continuous.

Let x be any real number and let ¢ = i' Let 6 be any positive real number.

Then there exists NV > 0 large enough such that 1(+N < g. Let r be the decimal expansion
of x rounded to N + 1 digits. Then |z — 7| < § and r is rational. We can also see that
|z — (r + mﬁﬂﬂ <dand s =71+ inﬂ is irrational. Both r and s are within 0 of z. If x is
rational, then | f(z)— f(s)| = [1—0] =1 > 1. If z is irrational, then |f(z) — f(r)] = [0—1| =
1> ;11. Since ¢ was an arbitrary positive number, there is no d which makes the limit work
for € = 1. Therefore, the limit does not exist (for any real ) and f is not continuous (for
any real x).



