
Solutions - 6.1
(1) Show that Rn with metric

d(x, y) = max
1≤i≤n

|xi − yi|

is a metric space.

• d defined: Since the vectors have a finite number of terms, the max is always defined.

• d(x, y) ≥ 0: Thanks to the absolute values, we are comparing positive terms, so d is
always ≥ 0. The max is only = 0 if all terms in the max are 0; in other words, x and
y must be exactly the same.

• d(x, y) = d(y, x): Since |xi − yi| = |yi − xi| always, this property is clear.

• Triangle Inequality:

d(x, z) = max
1≤i≤n

|xi − zi|
= max

1≤i≤n
|xi − yi + yi − zi|

≤ max
1≤i≤n

(|xi − yi|+ |yi − zi|)
≤ max

1≤i≤n
|xi − yi|+ max

1≤i≤n
|yi − zi|

= d(x, y) + d(y, z)

(15) Let S be the set of all absolutely convergent series. Show that S with metric

d(x, y) =
∞∑
i=1

|xi − yi|

is a metric space.

• d defined: ∞∑
i=1

|xi − yi| leq

∞∑
i=1

(|xi|+ |yi|) =
∞∑
i=1

|xi|+
∞∑
i=1

|yi|

Since the x and y series are absolutely convergent, the last sums above converge so the
d(x, y) series converges.

• d(x, y) ≥ 0: Thanks to the absolute values, we are summing positive terms, so d is
always ≥ 0. The series is only = 0 if all terms are 0 since we can’t have negative terms;
in other words, x and y must be exactly the same.

• d(x, y) = d(y, x): Since |xi − yi| = |yi − xi| always, this property is clear.
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• Triangle Inequality:

d(x, z) =
∞∑

n=1

|xi − zi|

=
∞∑

n=1

|xi − yi + yi − zi|

≤
∞∑

n=1

(|xi − yi|+ |yi − zi|)

=
∞∑

n=1

|xi − yi|+
∞∑

n=1

|yi − zi|

= d(x, y) + d(y, z)
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