BOCHNER-RIESZ MEANS WITH RESPECT TO A ROUGH
DISTANCE FUNCTION
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ABSTRACT. The generalized Bochner-Riesz operator S™:* may be defined as
RA _ 1 P )A R
s p@) =7 (1= 2) Fl @

where p is an appropriate distance function and F~1! is the Inverse Fourier
Transform. The behavior of S:* on LP(R? x R) is described for p(¢/,£441) =
max{|¢'|,|€4+1]}, a rough distance function. We conjecture that this operator
is bounded on R% x R when \ > max{d(% — %) - é,D} and p < 2+ %, and
unbounded when p > 2 + %. This conjecture is verified for large ranges of

p-

INTRODUCTION

Let S denote the space of Schwartz functions (smooth, rapidly decaying at co)
on R%. For f € S, the Fourier transform f is defined as follows

01) for = [ e
We also have the inverse Fourier transform
1 .
02) FUl@) = g [ € Sat)ie

For f € S, we have f’l[fA] = f. One can extend the definition of f to f € S’
(S’ denotes the dual of S, the space of tempered distributions). However, when
one extends the Fourier transform, it is not an integrable function in general. One
hopes to make sense of the inverse Fourier transform integral, F _l[f] for f € LP,
as a limit. Generalized Bochner-Riesz Means attempt to address this question.
We define distance functions to be p which are continuous on R? and satisfy

pltz) = tp(x), t>0
pl) > 0 ifz#0
We define the generalized Bochner-Riesz operator S as follows:
R _ 1(1 _ P A
(0.3) §™ @) =F (1= 5), A

Here (g(¢))+ = max{g(&),0} is the positive part. Note that as R — oo, ST f — f
for f € S. Also note that S®™*f — f for f € L? by Plancherel’s theorem. On
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general principals, the question of convergence on other LP spaces is equivalent to
the question of boundedness of the operators S™*. By scaling, we may also assume
that R = 1. From now on we will focus on the boundedness of S* = S%* on LP.
The generalized Bochner-Riesz operator has been studied extensively in the case
where p(§) = |£]. In this case, the operator represents “standard” Bochner-Riesz
means (referred to later as spherical means, as the set |{| = 1 is a sphere). In 1971,
Fefferman [6] showed that for spherical means to be bounded on LP, it is necessary

to have A > \*(p) = max{d|L — 1

2 p
that this is both necessary and sufficient.

In 1972, Carleson and Sjolin verified the conjecture in R? [3]. In 1973, Fefferman
showed a connection between the Restriction Conjecture for the sphere and the
Bochner-Riesz conjecture [7]. Recent progress on the Restriction Conjecture has
used a bilinear approach (as in [20]) and recently Lee adapted Fefferman’s argument
to apply the bilinear results directly to spherical means [10]. This approach applied
to the recent bilinear result of Tao [19] proves the Bochner-Riesz conjecture for
p>2+ % for d > 3, the best current range of p.

While the case of p(£) = |£| provides an interesting test case, it is much sim-
pler than the question of general p. If one wishes to study S* with a p which
is not smooth, a good example to consider is p(§) = max{|¢’|, | 41|} where & =
(¢',€441) € R x R. For this p, we denote the multiplier by m.

(0.4) ma(€) = (1 — max{|¢], [€a+1 1)

The support of my is a cylinder. For ¢ near |¢/| = 1, my = (1 — |¢/|)} which is
the multiplier for spherical means in R%. Note that this relationship is why we
define this new p for ¢ € R% x R (as opposed to R4! x R). This way the same
critical index A\*(p) will apply for spherical means and the cylinder multiplier, as
well as the cone multiplier (defined below, also on R? x R). For ¢ near |£441| = 1,
my = (1 — |€441])7} which is the multiplier for spherical means in R'. Spherical
means in R! are easily shown to be bounded for all p > 1 when A > 0, which
is weaker than the A > A\*(p) condition on spherical means in R%. Given these
observations, one might expect that this cylindrical operator would be bounded for
the same range of \ as spherical means in R¢. Interestingly, there is a significant
difference.

This problem was previously studied by Luers [11] in 1988. He was able to
obtain several results. First, when d = 2, the inverse Fourier transform of m is in
L for \ > % It follows that S* is bounded for all p > 1 when d = 2 and \ > %
Second, when d > 3 and A\*(p) > 1, then S* is unbounded for all X\. This is curious,
since with spherical means there is always some large A for which the operator is

1

bounded. Third, S* is bounded for the relatively small range where A\ > 1 — o1

and |% — 3| < g4 Lastly, he showed the kernel 7~ '[m,] is in L” when A > X*(p)
and A\*(p) < 1. We conjecture that the operator S* is bounded when A > \*(p)
and \*(p) < L.

The method used by Luers was to make explicit computations of the kernel
and then estimate it as carefully as possible. Here, we will apply more modern
methods, decomposing the multiplier on the Fourier Transform side. We explain
the curious necessary condition A*(p) < 1 which limits the range of p. We also
greatly improve the range of A for which S* is bounded while relating it to more
understood operators such as spherical means.

— %, 0}. The Bochner-Riesz conjecture states
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FIGURE 1. Regions of interest: here the solid line is where |¢'| = 1,
the dashed line is where |£441] and the dotted line is where |£'| =

|Eas1]-

Our multiplier my(£) is supported on a cylinder but it behaves very differently
than another multiplier supported on a cylinder given by (1—|¢/|)*(1—|¢]411)?. This
second multiplier represents a simple composition of two spherical means operators.
The significant difference is that the multiplier m) is not smooth where [£'| =
|€4+1], a region with the shape of a light cone. So, we expect that near || = 1
and |€441] = 1 our multiplier will have the same boundedness properties as the
spherical means of the appropriate lower dimensions. However, we also note that
near [£'| = |€4+1|, our multiplier will relate to the cone multiplier. There is also
an additional complication which we must address. Upon close inspection we see
that the non-smoothness where |¢/| = |£441] becomes more severe as we approach
|€’] = |€4+1] = 1. This will be discussed once we get into the proof.

The cone multiplier is a variation of Generalized Bochner-Riesz Means which
has also been deeply investigated. Here we consider an operator similar to S* with

p(&) = | Elfﬂl\' However, we also introduce a cutoff in |£441| to avoid 0 and oo. Let
h(§)=1- | flf;‘ﬂ‘ We define the cone multiplier operator C*
(0.5) CMfla) = F 7 [k = Qi) f] (@)

where (¢/,¢441) € RY x R and k € C§° is supported in (—3, 1). The nature of the
curvature of the cone (total curvature non-vanishing, but always with one vanishing
principal curvature) make it a significantly different problem than spherical means.

It is conjectured that C* is bounded for all A > A\*(p), the same as spherical
means in R?. The necessity of this conditions follows from its necessity for spher-
ical means in RY, via a theorem of de Leeuw (see [8] for a proof due to Jodeit).
Techniques can to some extent be transferred between spherical means and the cone
multiplier. However, progress on the cone multiplier has somewhat lagged behind
that of spherical means (see [12], [2]).

A major breakthrough was made by Wolff in 2000 [21], when he showed the first
sharp bounds on the cone multiplier, in any dimension, for any p (he proved the
sharp bound in R? x R for large p). His approach used the geometry of how thin
tubes intersect each other, combined with an induction on scales argument. For this
approach, it turns out that the cone offers certain advantages over Bochner-Riesz



4 PAUL TAYLOR

and for once the cone was leading the way. This result was extended to higher
dimensions by Laba and Wolff [9].

1. RESULTS

Once our multiplier is decomposed appropriately, it will have qualitative similar-
ities with the sphere multiplier and the cone multiplier, as well as cone multipliers
truncated to different heights. However it will not be exactly the same so we will
have to refer to the method of proof for results pertaining to these types of multi-
pliers.

The conjectured sharp LP — LP result for our cylindrical multiplier would be
to have boundedness when A > A*(p) for p such that A*(p) < 1. The \*(p) < 1
condition in the conjecture comes from the conical area of non-smoothness, where
our multiplier has qualitative similarities to the multiplier (1 — %)1, which is the
cone multiplier and with A = 1 (see Proposition 2.11 where we verify this condition,
originally discovered by Luers [11]). Therefore the cylindrical multiplier should be
unbounded on LP — LP for p such that A*(p) > 1. For notation purposes we set
A*(00) =4 - 1.

The results vary depending on dimension, since different sphere and cone tech-
nology exists in different dimensions. Our various results are as follows:

Theorem 1.1. The operator Sy is bounded from LP(R? x R) — LP(R? x R) for
A> N (p), 1 <p<oo.

Theorem 1.2. The operator Sy is bounded from LP(R3 x R) — LP(R3 x R) for
A> N (p), 2+ 5 =1 <p<oo.

Theorem 1.3. The operator Sy is bounded from LP(R* x R) — LP(R* x R) for
A>MN(p), 2+ 5=3<p<2+ 5 -5=2

Theorem 1.4. Ifd > 5, the operator Sy is bounded from LP(R?xR) — LP(RYxR)
for A> X (p), 2+ 3 <p< oy =2+ o5 — (4d+1?(d§3)'

2. PROOF

We begin by defining two new operators, S5 and Cj, related to spherical means
and the cone multiplier respectively.

(2.1) Sif€) = @6 1= EDfE)
(2.2) Cof(©) = w (7)) m((1 = l&ara ) (©)
1

where h(§) =1

a1l

By using a dyadic decomposition, it is easy to see that the study of spherical means
and the cone multiplier can by reduced to the study of these two new operators. ¢
is in the class ®, which consists of all function in C§° with the following properties:

support of ¢ C [0, 2]
Hled ’

9ee S C for all |a] < d+2

~
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where a = (g, ..., @q41) is a standard multi-index and C is a fixed constant. & is
a C§° function supported in (—%,3).  is assumed to be a small positive number.
The conjectured sharp bounds for S5 and Cy are

(2.3) 1959l Lrray S 6 MgllLera

(2.4) ICsflrmaxry < 6 fllLema

for all A > \*(p)

Note that throughout the exposition, we will be using the symbol < to denote
that one expression is less than the other up to a constant which depends only on
fixed values such as dimension and constants ¢ which are fixed at the beginning of
proofs.

We now make a preliminary decomposition, then group the pieces into four cases
which capture the nature of the multiplier my = (1 — max{[¢'|, [€4+1]})}. Choose
¢ € C§°(R) so that the support of ¢ is contained in [3,2], ¢ # 0 on [3, 3] and

>oop(27t) = 1 for t € (0, 7). Choose ¢y so that <p1(t)27—|— e p(2(1 i,tQ)) =1
for t € [0,1).
Let
(25)  m(&) = @A —[ED)e(2" (L~ [Eara))ma(€)  for jik > 2
min(€) = 1€ N2 (1 — [€ar]))ma() for k>2
mi(€) = (21— [€N)er(€ari)ma(€) for j=>2
m1(€) = e1(l&'De1(€a+1)ma(€)
Then, using the Triangle inequality,
(2.6) Imallae <Y lmge(©)llace
k,j=1

where ||my||a» denotes the operator norm of f — f‘l[m,\f].
We divide the sum into four parts and deal with each of them separately. The
four parts are

Case (i) : j > k+2: When j > k+ 2 the support of m is near the “sides”
of the cylinder, where |¢/| = 1. In this region my = (1 — |¢/])?, so one
expects the multiplier to behave like spherical means in R¢.

Case (ii) : k> j+ 2: The support of m;j is near the “top” of the cylinder,
where |€4.1] = 1. In this region my = (1 — |£441])* which is a simple
multiplier.

Case (iii) : |k —j| <1, k,j # 1: This region contains the set where [¢/| =
|€4+1] (except near the origin). This is the most interesting case, where we
explore the relation between m) and the cone multiplier.

Case (iv) : |k —j] <1, k=1 or j = 1: We simply use scaling to extend our
results from the first three cases to the center of the cylinder.

2.1. Case (i): j > k+ 2, Near |¢'| = 1.

Lemma 2.1. Let 2 < p < oo and A > X*(p). Assume ||Ss f|l Loy S 6 fllLeme)
with constant independent of the choice of p € ®. Then the following sum converges.

(2.7) D0 lmgkle

k=1 j=k+2
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This sum represents all multiplier pieces where 7 > k + 2.

Proof. Fix a small € > 0.
When j > k +2 > 4, we have p(¢) = [£'], so
mi(€) = (2 (1= [€)e2" (1 — [€ara])) (1 — [€')
Note that

Imjkllag, = 11995 allLe@s)—rr @) |S2-# lLrm)—Lrmy ~ Where
Spsal = Fe@O-1€N)A-[E)Y*f  and
Syrf = FHUp25 (1 — [€asa]))] * f

We note that for S,_; , we can use our assumption with § = 277 as follows.
Define 5(t) = t*¢(t). Then
(2.8) Sy af =27 F @@ (L |€)] + f
Since results such as [10] require only that ¢ a C§° function, we obtain the following
resulting bound. Here we are also using the fact that since the operator S)_; , acts
only on the first d variables, leaving the {41 variable independent, we need only
investigate the corresponding operator on R?, for which we use the same name.

(2.9) 1955 allLr(Re)—Lr(RA) S 2702 I ) < p <o

The operator 527;6 only acts on the last variable, so we consider the corresponding
operator on R. A simple change of variable reveals that the L'-norm of the kernel
FHp(2%(1 — |€441]))] is bounded independent of k. Using this fact and Young’s
inequality gives us the following,

IF (25 (1 = |€as1 )] * fllLo(my
IF o5 = [ Dl @) I f 1l Lo w)
£l r)

The same bounds for j and k such that j > k + 2 = 3 can be derived in a
similar way. The operator associated with the multiplier ¢1(|€441]), which replaces
©(2F(1 — |€441])) in the above calculation when k = 1, is an operator bounded for
all L? with norm independent of k. The approach we used on ¢ (2% (1 — [£411])) will
easily show this. Now we can sum over the range j > k + 2.

oo (oo} (oo} (oo}
(2.10) Z Z el are 52 Z 9 (~AA (p)+e)

k=1j=k+2 k=1j=k+2

1So-r £l Lo(r)

IZANYZAN

This sum converges if A > A*(p) + e. O

2.2. Case (ii): k > j+ 2, Near [£441] = 1. In this case, we are near the “top” of
the cylinder, where |{441]| = 1. However, since this case includes pieces which are
also near the “sides” (when j = k and j, k are large), we must still apply results for

Ss.

Lemma 2.2. Let2 < p < 0o and A > X*(p). Assume ||Ssf|l oy S 67 fllprme)
with constant independent of the choice of ¢ € ®. Then the following sum converges.

(2.11) D> lmgkliae

j=1k=j+2
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This sum represents all multiplier pieces where k > 7 + 2.

Proof. Fix a small € > 0.
When &k > j +2 > 4, we have p(§) = |€a+1], so

mk(€) = (27 (1= €)@ (2" (1 — [€ar1])) (1 = [Eas))?

Similarly to the j > k + 2 case,

HmijMp = ||52*j,d||LP(Rd)~>LP(Rd)HS’V/Q*’“||LP(R)HLP(R) where
So-iaf = F e -]+ f  and
S'y-inf = F o1 = gD = [€ara )] = f

For Sy-; 4 we can directly apply assumption with § = 277, Here, as in Case
(i), we use the fact that Sy-; 4 acts only on the first d variables. We obtain the
following bound:

(2.12) 1S53 all Lo Ry Lo (ray S 27X PIFD py < p<oo
For the operator S 59—k, we note that using ¢ as defined above,
(2.13) §y-rf = 27F G251~ [€ara )] * f

We use the exact same reasoning as with S,—» in Case (i), replacing ¢ with @
and noting the extra 2% gain. We now insert these bounds into our sum.

o0 oo o) o0 )
(2.14) ST mplae £330 20 @Ak
J=1k=j+2 J=1k=j+2
This sum also converges if A > A\*(p) + e. O

2.3. Case (iii): |k —j| < 1,k,j # 1, Near [£'| = |€441]- In this region, we use
the cone multiplier techniques in R% x R to analyze the multipliers m;x. We begin
by subtracting a simpler multiplier in order to make our multiplier zero on the
cone (where it is non-smooth). We then decompose the multiplier dyadically with
respect to distance from the cone. This decomposition is done in detail in 2.3.3.

After decomposing, our pieces will not quite be cones, but rather “truncated
cones”. In the £441 variable, our pieces will be supported in an interval of size
about 277 due to the ¢(2¢(1 — |£441])) (recall k ~ j in Case (iii)). This is in
contrast to the normal cone multiplier, where the multiplier is supported in an
interval of size about 1 in the €411 variable (see line (2.2)). These truncated cones
will capture the effects of the increasing non-smoothness along the cone, which was
alluded to earlier in the introduction.

We develop two bounds on these pieces. The first will be stronger for p near
2+ %, where X\*(p) = 0. The second will be stronger for p near 2 + %, where
A*(p) = 1. Recall that due to the relationship between our multiplier and the cone,
the operator will be unbounded when A*(p) > 1.
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a1l

-~ 1€l

F1GURE 2. Support of the decomposition pieces

2.3.1. \*(p) near 0. Suppose j > 2. Let ¢; be a function in C§°(R? x R) with the
following properties:

1 ,
supp(p;) C {§€ R? x R, 100 < 27(1—1¢']) < 100

1 .
o L9i(1 —
and 100 < 27(1 — |€q+1]) < 100}

o ‘
|g@%‘(§)| < 02N forall || < d+2

where C, is independent of j and §.

We study the multiplier ¢(2Mh(-))g,, where h(¢) =1 — \Elill\ as defined in line
(2.2) and in the introduction. The decomposition in 2.3.3 will reduce Case (iii) to
multipliers of this type. The ¢; term is supported in a ring a distance 277 from
both the top and sides of the cylinder. It can be thought of as the result of rotating
a cube with sidelength 277 around the 441 axis. The @(2Mh(-)) term is supported
a distance 27 from the light cone. Together these are supported in a truncated
cone of thickness 27 and “height” 277 in &;,1 (see figure 2).

For the following proposition we introduce an equispaced cutoff x. Let x € C§°,

suppx C (—1,1),and > %_ _x(-—N)=1

Proposition 2.3. Let 2 < py < p. < 0o and p € ®. Assume we have the following
bounds

(2.15) H<p(2Mh(-))x (24049 ((asa — WVH)» ‘/’jHMpo

IN

CC,2M A (po)+e)

IN

(2.16) H‘P(2Mh('))<Pj HMPC C,Cp2M OV (e)+e)

where v is any integer, C1 and Co are independent of M, j, and p;.
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Then for po < p < p. < 0

(M—j)( 777)(1—% .
217)  [e@YRO)eylly S Co2 bope ) T QMO @) He)
for M > j

In this proposition, (2.15) is a bound on the multiplier ¢(2Mh(-))¢p, truncated to
a height of 27M (%) We then scale this bound to a useful bound on ¢(2Mh(-))g;.

Proof. We begin by decomposing the support of ¢(2™h(-))p; into rectangular
“plates” in the standard way, as in [12]. First, choose ¢, € C°(R%),1=0,1,...,L
such that the support of ¢, has angular width less than 7, EJL:O Yy =1 and L
depends only on d. We assume 1) is supported in the region centered at the & -axis
and we now investigate 1o(£)p;(§). Bounds for ¢;(£')¢;(€), 1 =1,2,..., L, follow
by symmetry.

)

(2.18) SM:{N:{Nl,...,Nd,l}ezd*;—2 ,1§n§d—1}

219 ¢M,N<5>w<2Mh<g>>§x<2”z’( e ) ) vl

(2.20) P2 h(€)e;(vo(€) = Y Pun(E)e;(€)

NeSum

We may assume that M > 7 — 10 (or M > 0 if j — 10 < 0) since
supp [0(2Mh(-)] Nsupp p; =0  if M < j —10

Note that > n ®a,N¢; is supported on a cone truncated to height 277. Also,
the terms ® ) ny; are supported in rectangular plates lying against the cone with
dimensions

2~M 9% w ... x 2% x27I

d—1 times
We further decompose in €441, dividing the decomposed cone into cones truncated
to a height 2 % . The constant ¢;, determines the size of the decomposition. In
proving Proposition 2.3, we will decompose using ¢, = 1 — €. This decomposition
is in some sense excessively severe but it allows the multiplier to be related to
spherical means in R? (see Lemma 2.12). Later in 2.3.2, Proposition 2.5 will use a
much more efficient decomposition with ¢, = 2.

(2.21) Xo(€ar1) = x <2N <£d+1 - L))

2cn
M
2k
(2.22) Pyn(§) = Z Xo (§at1)Par,N(€)
V:*Q%
M
2°Ch

(2.23) = Z DN ()

yv=—2¢h
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For now, we only use the vertical decomposition in v and not the plates decomposi-
tion in N. Later however, the plates decomposition will be essential in determining
estimates in the form of (2.15) and (2.16).

We use the following lemma to take advantage of the equispaced aspect of the
vertical decomposition.

Lemma 2.4. Let X be defined so that X = 1 on supp(x) C (—=1,1) and X = 0

M

outside (_73, %) Let X, (a+1) = X (2% (§d+1 — 4 )), and let f, = F~[x, * f].

2°Ch
Let V be a finite interval in the integers Z. Then for 2 < p < oo, i + % =1 and
felrLr,

(2.24) I F ) * fllee S <Z IF~ x] * fllﬁ)
vey vey
(2.25) = (Z [F~ xo] * ﬁlﬁ)
vey
and
(2.26) <Z IF~ x] * fu|’£,P> < (card(V) =8| £ 1o
vey

This lemma is easily verified for p = 2 using Plancherel’s theorem.
The first inequality in the lemma follows by interpolation and duality from the
p = 2 bound and the following p = 1 bound (triangle inequality).

IS F  wl# flee < D IF ol = flln

<Z 17 [x] * f||i1>

For the second inequality in the lemma, the L>° bound follows from the uniform (in
v) boundedness of the operators F~![x,] * f. The lemma follows by interpolation.

<Z Hj:il[XV] * fl/L°°> (Z ”fil[XV} * f||L°C>

vey vey

<;||f||L°°>

(cardW))|| =

N

Using this lemma, we obtain the following LP° bound. Here V will consist of
those v such that the support of x, intersects the support of ;.

(227)  [|[F @Y R()eiv0 ()] * f| Lo
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Z Z F MmN w05 * fo

veV NeSy

LPo

, a

Po :D()
(2.28) S A IFUDS Punaes) = £y

vey NeSum LPo
. ;o\ *o
(2.29) < C@QM(A (Po)+e) <Z ||fl,||:’£°p0>
veV
* 1-2

(2.30) < oM (X (p0)+€)t§\4j pO)Hf”LpO

where card(V) = tyr; and tar; is defined as follows.

1 if j—10< M < cpj
(2.31) tmj S M ! D
2°n it M > cpj
In this case, since ¢;, = 1 —¢, we effectively have t5r; = 2M=j9Me By interpolating
between line (2.30) and line (2.16), we obtain the bounds of the proposition. O

2.3.2. X*(p) mear 1. Proposition 2.3 is designed, with its severe decomposition in
€441, to allow us to use Bochner-Riesz results from R?. However, the inefficiency in
this decomposition and Lemma 2.4 limit results to p where A*(p) is small. There is
too much loss for the eventual sum in M to converge if \*(p) is near 1. We introduce
Proposition 2.5, which will not apply for A*(p) small, but which will significantly

11
improve upon the <i‘l> (1— p%) loss in Proposition 2.3 for A*(p) near 1.
Po Pc
We obtain a result for truncated cones by combining a square function estimate

with a result for the Nikodym maximal function for light rays. For the square
function estimate we can adapt Bourgain’s argument [1] or in R? x R there is a
result of Mockenhaupt, Seeger and Sogge (MSS) [13]. Mockenhaupt, Seeger and
Sogge [14] and Skarabot [17] have determined maximal function results, and in
R? x R there is a maximal function bound due to Cérdoba [5].

The Nikodym maximal function for light rays Msf can be defined as follows:

(2.32) 75(6) = 0 x---x 3§ x 1 tube with long direction

(¢/,€441) = (A,1), centered at the origin, § € S%~1
233 Msf@) = swp 5@ [ farylay

fesd-1 7s5(0)

This maximal function takes maximum of averages over tubes pointing in the direc-
tion of light rays (7 from the horizontal). The conjectured bound for this maximal
function is

_d
IMsfllrmaxry S0 2 1 flLrrixr)

Proposition 2.5. Let pg > % and let qioer% =1 (we say qo = (B)'). Assume
the following bound on the Nikodym Mazximal function for Light Rays:

d
(2.34) IMsfllrao < 0790 @ | fllpe  a>0

Also assume that for some p. > po,
(2.35) 027 h())s ]|y < CpCa2M N )T
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independent of p € ® (Cy, is from the definition of ¢; in 2.3.1). Then for pg < p <
Pec
(-n(3-5)+ar(n)( 425

(2:36) [|o Y R( )il ppe S Cp2 o E>2M(”p)“)

for M > 2j
and
N s
(2.37) @Y R es]l 1y S c¢2(M_])(5)<50—5c>2M(A*<p>+e>
forjg <M <2j

Throughout the proof of Proposition 2.5 we will be using a decomposition in
&q+1 of height 2-% . Lemma 2.4 will apply with ¢, = 2. We set ¢;, = 2 in the
definitions of x,, tarj, ®Pm,N,u, ete.

Proof. To prove this proposition at pg, we follow a standard strategy of first ap-
plying a square function estimate, followed by a maximal function, then returning
from the square function back to f. For an example of this approach, one can see
[4] where Cérdoba proves the Bochner-Riesz conjecture in R? in this way. We will
require the following lemmas.

We begin with the square function estimate. We plan to replace the LP-norm
with a LP(I?)-norm over the terms F~![®y N, ] * f. We do this by covering our
truncated cone with 2~ % -cubes and following the method of Bourgain [1]. However,
it is convenient to have each ® s N, supported in a single cube, so we have to enlarge
the cubes slightly.

Fix M. Note that the multiplier (1 — max{|¢'|,|£441]})2 is supported in a cube
of radius 2 (it is smaller than this, but we take extra to be safe). Let {Q} be a
tiling of this support cube by cubes of sidelength 2= % . Choose Xo € Cs°(RY) to
be identically 1 on the unit cube and supported in the double of the unit cube. Let
X&) = %0(02% (§' = £5)), where £, is the center of Q. C is chosen so that each
@y Xg = 0 for all but a finite number (independent of M, N, v) of @, and there
is at least one @), denoted ), such that g, = 1 on the support of @5~ .. Let

XN,v = %QN (8))?1/ (£d+1>-

2(d+1)
Lemma 2.6. Let p > =;—~. Let

Q = {(N,v) : supp(x~,») N supp(p(2Mh(-))p;) # 0
Then

(2.38) Yo Flhawaxf|| S

(N,v)eQ Lp

Nl=

(Card(v))(%—%)2(%)(/\*(17)-5-6) Z |-7:_1[XN,V] " f|2

(N,v)eQ
Lp

Here V ={v € Z:(N,v) € Q for some N}. In the future, we denote F~'[xn ] *
= fN,V'



BOCHNER-RIESZ MEANS WITH RESPECT TO A ROUGH DISTANCE FUNCTION 13

Note that in the above lemma, it is important that the sum runs over only those
cubes which intersect the truncated cone where the multiplier piece is supported.
The proof will follow in Section 3.1.

Once we have decomposed the operator, the pieces of the multiplier have con-
volution kernels which can be bounded by the simple operators, as detailed in the
following lemma.

Lemma 2.7. For fized N € Z971, define
p€) = [¢]
& = center of supp(Prr,NL@;)

o )

Uyl — %(Vﬂl(gov

=l span (VP(S:O)L)

Then for every choice of integers p1,...,p4+1 > 0
2.39) |F~1[® Joill < Ydag—M
(2.30) |7~ [@rr 5] H Ty
1 1
(1+ (127 Mug - 2[)Pa (1 + (|2~ Fugyq - 2])paer
. 1
m=0 m

where RN = {z : [ug - x| < 272M |ugyy - 2| < 2M2% |u, - x| < 2727 for 1 <i<
d —1}. Note that this bound implies that |F [ @y Nv@jlllnr < C independent of
M ,N,v and j.

The proof of Lemma 2.7 will be presented in Section 3.2.
Lemma 2.8. Let p > 2. Then

(2.41) D OIF  ew] = £ Sl
N,v
Lr

This Littlewood-Paley type estimate will allow us to return from a square func-
tion back to a regular norm. Lemma 2.8 is due to Carleson. Proofs can be found in
[5] and [16]. With this formulation, the lemma is relatively easy to verify since the
decomposition is equally spaced and the cutoff functions are merely translations of
each other.

We now proceed with the calculation. We begin with the pg bound, assuming
M > 2j.

(2.42) Zf_l[q’M,N,u%‘] * f = Z]:_l[q)M,N,VSDj] * N

N,v Lro N,v LPo
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5 2(%*.7)(%7%

(2.43)
N.,v

(2.44)

Let [[wll(z) < 1.

1

Z |F @ Nw 5] * N

PAUL TAYLOR

)9 () (N (o) +¢)

2

=

N.,v

2
Po
D) PO

_ / SO IF @] * S

flel

N,v

Sup / Z ‘f_l[q)M,N,u%‘] * fNﬂ/|2 w

N,v

|(£2Q)/§1

(2.45) / Z \FHOm N )] * ) | w

N,v

(2.46) / >

N,v

(2.47)

(2.48)

(2.49)

S

1
WXRQ{ * N
m

/% (/ ﬁxm(y)dy)

- ( / o - y>|fN,u<y>|2dy) w(z)dz
/ S e () / ﬁxm (& — y)wla)de dy
N,v m

/ Dl )P M,y w(y)dy
N.,v

IN

IN

IN

Z Z FH®mN 5] * f

veV NeSy

m=0

2
w

> Il
N,v

LPro

2
w

1 f
—_ N ok
|RN|XRm N,v

2
1M, sl g

LPo

S N f e oM (X" (po)+e)gfa

S IF PuNei] * N

2

LPo

< 2(FDGE55) M o)t g e £l
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Line (2.46) is an application of the Cauchy-Schwartz inequality. In line (2.50), we
use the fact that (1 — @) = —\*(p).

(2.36) follows by interpolation between (2.51) and the assumed bound at p..

Now assume j < M < 2j. Here we must change our decomposition slightly.
We still wish to decompose into square plates (so that the maximal function is as
efficient as possible), however now the “height” of our truncated cone is less than
2-%. Instead we decompose into plates which are 2= thick and 277 in every
other direction.

(2.52) Sy ={N={Ni,....Ng1}: =2 <N, <2 foralln=1,....d—1}

053 Bun(©) - o0 [ x (2]‘ ( b _ N—)) bo(€)

n=1 §d+1 2j
(2.54) P2Mh(€)pi()vo(€) = D Pun(§)e;(©)
NeSm

Note that the terms ® M,Np; are supported in rectangular plates lying against the
cone with dimensions
27 M w970 .o x 27
d times
We use slight variations on Lemmas 2.6 and 2.7.

Similar to the xg, terms from Lemma 2.6 which defined a decomposition into
cubes of side 272 on the Fourier side, we now define new functions XN+ These new
functions are defined in the same way, except for cubes of side 277. Note that since
the truncated cone is just 277 high, we do not need the v decomposition in &g .

2(d+1)
Lemma 2.9. Letp > e Let

Q' = {N : supp(xn) N supp((2Mh(-))p;) # 0
Then

1

< 209 ( S 1F i f|2>

Neo/

(255) | > Fxnl S

Neo’

Lp

In the future, we denote F~1[xN]* [ = fN.

Lp

The proof is identical to that of Lemma 2.6 in Section 3.1.
Lemma 2.10. For fived N € Z%~, define
p(&) = ¢
& = center of supp(E)M,N’,,gpj)

v B

wy = 1 (VP§50)>

E ~
(VP(§0) )

d-1
{w;};=; span
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Assume j < M < 2j. Then for every choice of integers p1,...,p4+1 > 0

d—1
~ . 1
Fle ] < 27ddeM :
| [ M,NSO]“ ~ }Jl (1 ¥ |2_Jui . x‘)p7
1 1
2.56 . :
(2:56) T (2 a2 (L (g 2o
> 1
(2.57) < E 9—m — Xﬁz%(x)
m=0 |Rm

where RN = {z : Jug-z| < 2m2M |ugyq-x| < 229 |u;-z| < 227 for 1 <i < d—1}.

The proof is the same as that of Lemma 2.7.

Now we simply follow the proof of the M > 2j case, using these new lemmas.
Note that the Nikodym maximal function for light rays will now have index 27
(this is the eccentricity of tubes dual to our new plates).

(2.58)

Z F ®arnes] * f
N

S F e +
N

LPo LPo

=

SN NF By Npj] # Fl
N.,v v

(2.59) (Z FH @ nneps] * le2>

N LPo

PO

Z F @ arnes] * Inl?

/N

(2.60) = sup / <Z 7 @ neps] + fN2> w

HWH(%l)/Sl N

Let HWH(I%O)’ S 1.

(2.61) sup / <Z |F @ nepj] * fNF)
”WH(PTD)Igl N

S

m=0

w

STl T |
- X b N
R
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/(Z @ﬁzg*}k)w < /%: (/ @Xﬁg(j/)dy)

N
1 X 2
(2.62) ) @Xﬁg(m — i@ dy | w(z)de
~ 1
(2.63) < [Sinwe | g (7 =)ol
N m
(2.64) < u/}jLﬁdwFA@%Mw@y@
N
12
_ 2
(2.65) s|K2}mﬁ YA
N LPro
(266) 5 ”f”%l’o 22(M7J)A*(P0)2(M7j)a
o~ N (M—j)a
(2.67) > FlBuaei] xf| S22V O025TE £l
NeSu LPo
As above, interpolation with the assumed bound at p = p. yields (2.37). g

2.3.3. Preparation of the Multiplier. We now apply Propositions 2.3 and 2.5 to m .
First we decompose mj into pieces to which the propositions can be applied. Let

pi(€) = mr(&) — (2 (1 = [€])e2" (1 = [€ana]))(1 - €D
p(27(1 = [€'))(2"(1 = €1 DA = [€ara)* = (1 = [€'])]
(2.68) = if |€a41] > €]
0 if [€a11| < (€]
Referring back to the proof of Lemma 2.1, we see that the multiplier we are sub-
tracting, ‘
P27 (1= [€'N)(2°(1 = [€ara (1 = €],
is nearly the same as the multipliers considered in Case (i). The only difference is
that here |k — j| < 1, whereas in Case (i) j > k + 2. The same proof applies here,
SO
(27 (1 = 1) D25 (1 = |()ar1 DA = [ DA lae S 27 AFAWHI
We can sum these terms for [k — j| < 1,7 > 2 as long as A > \*(p) +e.
Case (iii) is now reduced to finding a bound for ||z | az, -
Fix j,k such that |j — k| < 1 and j,k # 1. Decompose the support of pj; in
the following manner. Let ¢ € C§°(R) be a function such that ¢ = 1 on [1,4] and

suppg C [L,8]. Let G(t) = (1)t and ¢(t) = (1)t .
(2.69) (1= |€ara)* = (1 =D

_ / AL = (Hapa] + (1= DIED lEara| — €]t
¢

a1l

(2.70) Néan |1 - \Au—umm+a—mem*m

271) @M h(€))usu(€)
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= @"h(©)e(2 (1~ ')
P21~ €+ D)X — l€ara))* = (1 = [¢'])]

(2.72) = 92" h(€)e(2 (1~ €)p(2* (1 ~[€ar1])
/O (@(27[1 = (teara| + (1 = )IEDD(=A) a1
€'l

1= el 1= gl + (1= 0P )t

|€ar1]
(2.73) = (M€ |2 M 2D G (2 ((e))) 92 (1 [€]))
P2 (1~ €ara]) / (L~ (teans| + (1 — D]t
(2.74) = (CN)fEap 2 M27IODG (2 (1(e)) / 054(€)dt

(2.75) 60(8) = @@ (1—1€N)P2" (1= [€a1 )AL = (tlasi| + (1= IE])

Since |k —j| <1, ¢,+ as defined in (2.75) clearly satisfies the conditions for Propo-
sitions 2.3 and 2.5, with all derivative bounds uniform for ¢ € [0, 1]. The multiplier
—A|€4+1|, when smoothly cut off outside of the cylinder, represents a nice bounded
multiplier operator so we can disregard it. We can now complete the calculation.

Prior to proceeding, however, we note that with the relationship to the cone
multiplier shown above, we can verify the following result of Luers [11], mentioned
earlier in the introduction.

Proposition 2.11. Ifd > 3 and \*(p) > 1, then S* is unbounded for all .

Set k = 3. Choose ¢ € Cj°(R) so that the closure of the support of ¢ is contained
in the support of ¢ (¢ as chosen just prior to line (2.5)), and so that o(t) = 1 for
t € [, 5] (p was chosen to be non-zero on the interval). Define a new operator C
by

€'l

€1

(2.76) Fr(e) = <1 - ) P2 (1~ [eana)F(E)
+

This operator clearly has equivalent boundedness properties as the cone multiplier
operator C* defined in the introduction, with A = 1. We define another new
operator £ as follows

@71 &6 = @@ (1—|EN)e@ (1 — [Eas])
/0 P31 — (tleass] + (1 — )EDD (N[

- [1— (t|€apr| + (1 —t)|E'N)*at
(2.78) gf(f) = 90(23(1 _ |§/|))<P(23(1 _ ‘§d+1|))(3(§))—1

Note that £ has as its multiplier a nice Schwartz function, so £ is trivially bounded
for all p. Comparing the definition of £ with (2.72), one sees that the composed

operator F 1 [u373§}] differs from C' only by a simple operator, which we will denote
T.

(2.79) T1(€) = CF(€) — uasEf(€)
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7 has for its multiplier the same multiplier as C, except bounded away from the
light cone (which is the only place where C is bad). One sees that 7 is also trivially
a bounded operator for all p.

It is clear from the work done thus far that the boundedness of S* implies
the boundedness of the operator F ’1[m373f] and hence also the boundedness of
F *1[u3,3ﬂ. Therefore it would also imply the boundedness of C. However, the
necessary condition for the cone multiplier operator (see line (2.4)) is well-known,
and C can only be bounded for A*(p) < 1. Thus we have the necessary condition
A*(p) < 1 for boundedness of S*, independent of \.

2.3.4. Applying Proposition 2.3. To establish the bound (2.15), we relate our mul-
tiplier to spherical Bochner-Riesz means in R¢.

Lemma 2.12. Suppose n € CS°(R?) is supported in a §-neighborhood of the set
{¢ e R |¢| =t},3 <t < 1. Suppose n satisfies the condition |V"n| < C for
all0 <n < N, where N is a large constant. Assume that for all n satisfying these
conditions, we have

(2.80) 9] a0 < G762 (PO)+e

where C' depends only upon C, pg, N and d (independent of t, ). Then

M M(1+e¢ v M(X\*(po)+e
281) [[e@hON (210 (O = gty ) ) @i < Cr02MO 000+

Proof. We proceed by taking ¢(2Mh(¢)) and expanding it in a Taylor series in the
€a+1 variable around sy Denote X, (§a41) = x (2M0F9) (ag1 — gwtrey))-

(2.82)  w(2Mh(&))xu(bas1)p;(€) =

1 o v\
X (§at1); (§) T;) i 0ET [p(2Mh(€))] }&H:de (§d+1 - W>

Each derivative in the series loses 2™ but we gain 2=M1+€) due to the support
of xv(€4+1). Therefore we need only consider the first N terms, which all clearly
satisfy the 7 condition. The ¢; term can be absorbed into 7, and the x term
represents a nice bounded operator (its kernel is L independent of M). (|

With this lemma, we now have (2.15) for pg where the Bochner-Riesz conjecture
is known in R?. Specifically, we have (2.15) for all pg when d = 2 (see [3], [4]) and
for d > 3 we have it for pg > 2 + % due to Lee [10].

For the bound (2.16), we use a trivial bound in R? x R and R? x R, and the
bound of Laba and Wolff [9] for d > 4.

For d = 2 and d = 3, we note that the same simple integration by parts argument
used to show Lemma 2.7 also implies the following:

[F emNeslll 1
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The L' norm of the kernel bounds the operator norm (for all p) so we just add up
the pieces.

@M€ eillye S 11D Parnellaee

NeSn

(2.83) S >
NeSum

~ 9(F)d-1)

(2.84) = 2MN(e)

For d > 4, we use the following result of Laba and Wolff [9]. Let T' 5 (C) denote the
C-neighborhood of the cone segment {¢ : 27YN < |¢| < 29 N}. For fixed large N,
we take an open covering of S?~! by caps © of diameter about N~z and let E¢ be
functions whose Fourier transforms restricted to I'y(C') form a partition of unity,
subordinate to {©} in the natural way. If the support of fis contained in 'y (1),
we define

1
P
1fllpmic = (Z [Ze * f||§> for 2 < p < oo, and
[C]
I flloo,mic = Sl@l)p 126 * flloo-

Theorem 2.13 (Laba and Wolff). The following estimate holds in REx R, if d > 3,
p > pg =% min(2 + %, 2+ %) and f is supported in T n(1):

1

(2.85) e : || fllp < CN N G975 fl|p e

Our terms @/ N, after scaling by 2™ are supported on the cone T'ya (1). In the
following p. > pq.

(2.86) 1F = (2 A(€)) 5] * Fllp.

v
3}

5 2]\/[621\/1)\*(170) ( Z ||.7:_1[q)M,NS0]] *f]
NeSm

(2.87) MO EH| ||,

Above, (2.86) follows from (2.85). (2.87) can be obtained easily by checking the L?
and L cases (using the bound from line (2.83)), then interpolating.

Line (2.87) and Lemma 2.12 provide the bounds one needs for Proposition 2.3.
We apply Proposition 2.3 in line (2.89). For pg < p < p., we have the following.

N

(2.88) Dol = D0 1 >S e@MRE)) gkl v
li—k|<1 li—kl<1 M=j—6
1_ 1
> > . (M*j)<ifi>(1*,,l) .
(2.89) S D DD 2 Ml o P 0 9 M(N* (p)+e)
j=1 \M=j—6
(2.90) < Z(ya‘wx*(m—e))

1

<.
Il
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For the sums to converge as indicated above, we require

11
> oo 2
(2.91) N(p) + (%) (1—=)4e<1
0 " e Po
For specific dimensions, our results are as follows:
eIn R xR, pp = 4 and p. = co. We have convergence for A > \*(p),
4 <p<oo.
eln R xR, pg =2+ % = % and p. = oco. We have convergence for
A > X (p), B <p<oo.
eInR*xR,py=2+ % =3 and p. =2+ % = %. We have convergence
* 6 4 _ 132
for A > A\ (p),3<p<2+m—1—7—?.
eInRIxRford>5 py=2+ % and p. = 2 + %. We have convergence
. 4 6 4
for A > A (p),2+a<p<2+m—m.

Note that A*(2 4 7%5) = 1.

2.4. Applying Proposition 2.5. Throughout this section, we will assume d > 4
since Proposition 2.3 gave the best possible results for d = 2,3 already. We have
(2.34) with g¢o = 2 (so po = 4) and a = 0 (no loss!) due to Mockenhaupt, Seeger
and Sogge [14]. Unfortunately, we can only use this result for d = 4 and d = 5

since go = (%)" and we require that py > %. For d > 6, we use a different
bound with ¢y = % and a = #, which is due to Skarabot [17]. This is proved

using Bourgain’s bush argument; an alternative variation of the bush argument is
presented in 3.3. Note that if py = Q(jfll), then qo = (&) = %, so Skarabot’s
result can be used in Proposition 2.5 for any dimension.

With Skarabot’s result and line (2.87), we can apply Proposition 2.5 (we use it
in line (2.93) below). For Q(dfﬁl) < p < pe,

d
(2.92) Sl = D0 0 D0 e@MR(€) skl
[7—k|<1 li—k|<1 M=j—6

T (ij)(%)<77 > .
(2.93) < S Y aMaing P~ pe ) QM (p)+€)

j=1 \M=;j—6

1
+ i 27M27j()\71)2(%—j)(%_%)"—M(%))(%f’%)QM(A*(p)JFE)

M=2j

(2—j<A—A*<p)—e>>

[M]8

(2.94) <
1

.
Il

provided we have the following two inequalities.

(2.95) (g) (i_ 1) FAN(P) e < 1

e (G2
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Note that the second inequality implies the first for § < % (% — p—O) This is true

both for a = ﬁ, po = % and for a = 0, pp = 4. It is interesting to note
that (2.96) comes from the case where M is much larger than j. When M > j, we
are especially close to the light cone where the multiplier my is not smooth. This
observation captures the fact that for A*(p) near 1, the quality of our result depends
directly on our knowledge of the cone multiplier (and truncated cone multipliers).

After working out the algebra, Proposition 2.5 provides the following results.
It turns out that even though we have a maximal function bound with a = 0 for

d = 4,5, it is still more efficient to use the a = d_+1 bound. This is due to the fact

that % < 4. In this case, the gain from interpolating with a smaller py exceeds
the gain from having a better value for a.

e mMR* xR, p. =2+ 5% = £ With py = 2(d+1) and a = ﬁ, we obtain
convergence for A\ > )\*( ), 2(ddj11) <p<2+ 5 -5 =22 Witha =0
and py = 4, we obtain convergence for 4 < p < 2 + % % = %

e InR° xR, p. =2+ 3% = 6. With py = 2(dJrl)aundazd%rl we obtain
convergence for A > \*(p), Z(dﬂ) <p<2+4 25— % =3 Witha=0
and py = 4, we obtain convergence ford<p< 2 —|— d 3 % = 134.

eIn R'xRford>6, pp = Si+11),a:d—ﬂandp6: +di We have
convergence for A > \*(p), (dH) <p< % =244 m.

Note that for d large, we were off of the best value of 2 + d 3 by ~ ;2 using

Proposition 2.3. Now we lose only ~ 5 d2, which is a significant improvement.
Together, the two sets of ranges for p from Propositions 2.3 and 2.5 provide the
ranges stated in 1.

2.5. Case (iv): (k,j) € {(1,1),(1,2),(2,1)}, the Center.
Lemma 2.14.

(2.97) [F = may 4+ mag +mar] # flloe S 1 fle
for all f € LP(R* x R), 1 < p < 0o and A > 0.

Proof. In this region we use the following theorem of Seeger [15] to extend our result
to the origin. The theorem applies with ¢ defined as in the rest of this paper.

Theorem 2.15 (Seeger). Suppose that m is a bounded function which satisfies for
somep, 1 <p<oo,e>0

(2.98) sup (|- m(t) s < A

(2.99) Sup/ IF (|- m(t))(@)|de < B(l+w)~*
t>0 J|z|>w

Then

[NIC

B 1_
Imllaze S Allog(2 + —)]» 2.

We begin by decompose the multiplier in this region similar to the way we did
n (2.3). Note we work with u17 and the other two multipliers are similar.



BOCHNER-RIESZ MEANS WITH RESPECT TO A ROUGH DISTANCE FUNCTION 23

oo

i€ = 3 @A) — [€ar) — (1~ €D w1 (1€ Ner (€asa])
M=0
Denote the terms in the sum pps(€). By analyzing the multiplier (| - |)pas(¢-),
we can obtain boundedness results for p17. First we note that due to the support
of par, o(| - |)par(t-) is only non-zero if ¢ < 2. By analyzing derivatives of the
multiplier and using the fact that ¢ is bounded, we see that

sup [lo(] - Dpae (8[| 2 < C,2~M independent of ¢
>0

We use this bound for the condition (2.98) in Theorem 2.15.

We obtain a bound of the form on (2.99) by doing integration by parts d + 2
times. Note that in the integration by parts we lose at most 2™ on each derivative
since that is the loss in the multiplier’s worst direction. We begin by defining the
set €27

w d S| =
(2.100) Q7 ={{ e R x R, [§] > w and [¢}] pothax [(338;

su -1 . I(z)|ldx < su R T
. /W'f (] - Draa (t)](@)|dz < sup /| / so(ﬂ)m(tf)dg]d

>0 >0
d+1 it € 8d+1
@0y % swd [ f o g e D) €1
d+l oM (d+2)
(2.102) < jggZ/u/ Ty T Xoupp(o(-Drass (¢ ) (§)déda
d+1 oM (d+1)
(2.103) S igg;/ﬂw de
(2.104) < 2W@HDMg 4 )= independent of ¢
We then obtain a good bound on each pjp; and can sum in M.
o(d+1M\7lp 2!
sl S 27 {log (2 + W)]
< Mlz—3lg—M
= [l S i Ml5=zlp=M
< o0
This bound on ||p11]|pme applies for 1 < p < oo and for all A > 0. O

Combining the results of the four cases completes the proofs for Theorems 1.1,
1.2, 1.3 and 1.4. It remains only to verify the lemmas which we have stated.

3. PROOFS OF THE LEMMAS

Here we present proofs for lemma 2.6, lemmas 2.7 and 2.10 and the Nikodym
maximal function bound used in 2.4.



24 PAUL TAYLOR

3.1. Proof of Lemma 2.6. Recall that xn,, = Xon (€)X (€4+1). For generality,
denote the radius of the cube where xn,, is supported by ¢ and let R = % (6= 2%
in Lemma 2.6, and 6 = 277 in Lemma 2.9). Q was defined to be the cubes in the
sum which intersected the support of p(2Mh(-))¢;. The union of these cubes will
form a §-neighborhood of this support, which is in the shape of a truncated cone.

Also note that for a fixed v (so |£441| ~ —%7), the union of the cubes corresponding
2°Ch

to v will form a “ring”, a d-neighborhood of a lower dimensional sphere S¢~! with

radius between 3 and 1 depending linearly on v.

We follow an argument which is attributed to Stein and can be found in [7].

Proof. To show (2.38), it is sufficient to show the following dual inequality for

2(d+1)
P= “qs
_ 2\ 3 L_ 1y \*/\ 4,

B (S hovad« 77) llp S (cardw) =D RN O £,
Note that we have a bound on the kernels,

3 Rf(d+1)

7 bl = 9)] € On oy
(-5

We may assume that F~'[yn,,] * f is supported in a cube Q= Q x éd+1 in
R? x R of radius R'*¢. Outside of the cube we can use the above bound to gain
an arbitrary power of R.

In the following, let f, = F~1[X, (as1)f]. Let Fer = JRa e f(x)da’ denote
the partial Fourier transform in the first d variables.

H(ZV‘I[XN,V]*HQ)%: = /@(ZZU_—_l[XN,u]*f(fE)F)%dx

N vey

(3.2) < QI E ([Zz|f—l[xN,y}*f(x>|2dx>
Q N vey
33 = Q- (ZV fo fo o) [fy]<f',xd+1>|2ds’dxdﬂ>
< N1-% -1 D g % :
(3.4) < Q| (ZVR /Q (/R i dz) dde)

Z </Rd |fy|pdx’)p dxd+1>

(3.5) —  RpN(+epp(3—3) /
©d+1 vey

In line (3.2) we are using Holder’s inequality. (3.3) is an application of Plancherel

in the first d variables. Then in (3.4) we apply the Tomas-Stein restriction theorem

for R? [18]. The R~ factor comes from the thickness of the annulus in R¢. Since

A*(p') = A*(p), it remains to show that

2 3 (L1
v card(V)\'? % _,
(3.5 (/Q > ([ 1nrar) dml) S(E) T R ey
d+1 pyey
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We show this estimate for p = 1 and p = 2 then interpolate. For p = 2, the estimate
is trivial by Plancherel’s theorem. For p = 1, first make the following observations
of x, and f,.

(3.7) ) = x(R (s —5))
(35) ] = |57
39 |f@)] = ] [ F i — e £
(3.10) < (/‘ md+1Ryd+1) /dde)p'
: (/R f(fflaydﬂ)pdde);
(3.11) = 1 Wl ( / |f<x’,yd+1>|”dyd+l)5
</Qd+1 vey </Rd |fde/>2 dxd+1> §
(3.12) < ( /Q yev( /R d / e, yd+1>|dyd+1dx> dml)i

(3.13) = (/ Z |f||2L1(Rd><R)dxd+1>
Qa+1

vey

x| -

1
2

(3.14) < & (R Ccard V)11 o)
1 1
(3.15) S R card W) fll g

The estimate (3.6) follows by interpolation. This completes the proof for functions

supported in @ A standard argument, using the gain in (3.1), extends this proof
to the general situation. O

3.2. Proofs of Lemmas 2.7 and 2.10.
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Proof. We begin with the proof of Lemma 2.7. We use integration by parts to
bound the kernel F~1(®y/ N, ;) in d + 2 regions, Q, [ =0...d+ 1.

u; - x Ug—1'T g - r Ug+1 T
Qy = {x.maa:{ || T o | | v <2
u - 1 u; - Ug | |Ugt+1-T
Q = T |——| > —mazx
2% 2 o8 [ L 2M 7| ¥ ’
i#l

x%%QO} for1<i<d-1

Uuyg-x 1 u-x Ug—1-T| (U441 1

00 = fo:]iaz]s ] I L] i lo
! {x 2M Qmax{ B 2% 2% } %3 0}

_ Ug41 T 1 u; - x Ug_1-T| |ug-x 1
Qa1 = {m o >§mam{ pv:a EEEER ey v Bl v ’}’x¢590}

Now we apply integration by parts to make our d + 2 estimates. In the first region,
Qo, we just use the size estimate of supp(® N, 95)-

[e=oun@eion] < [ de
supp(®ar,N,v)
< 2 Mo—y (@)

On Q;,1 <1< d+ 1, we integrate by parts d 4+ 2 times in the dominant direction.
For 1 <1 < d —1, as expected, the derivatives of ®;; N, in the w;-direction each
cause a loss of 2%, while derivatives of ¢; always lose 27.

. 1
‘/ €T SR N (€)5 (€)dE ’ - / far e (s V)R (O (€]
]. M
< 272 (d+2) g
~ (ul . -’E)d+2 /supp(':PM,N,,,) 5
< 1 o Mdg-M

(2= Ty - x)d+2

Similar bounds follow for the z in Q4 and Q4.

. 1 M

CRF) . < - 0 9—dg-M
[ vunn @0t S g

. 1 y

m{q) y . d < 2—7d2—]¥1
] / €D 1 ()5 (€) s\ S G Fan o

The lemma follows directly from these estimates.
The proof of Lemma 2.10 is identical. We use the same decompositions and
calculations, excepting a few small changes. Derivatives in the directions which

lost 2% before now lose 27 and the size of the support of 5M7N¢j is 2-7d9—M
u;-r

instead of 2= 2 92-M_ We also would have to redefine the 2’s by replacing

[ V]
O B~

u; -

terms with %==.

3.3. Estimate for the Nikodym Maximal Function for Light Rays. Here
we present a variation of Bourgain’s bush argument [1]. Skarabot showed this same
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bound [17] by using the bush argument to show a L% L4+1 then deducing the
LP — LP bound. We directly derive the L% — L% bound.

Proof. Since this maximal function uses averages over tubes which are 1 long and
0 in diameter, it only acts locally. We are able to assume that the input function
f and the output Msf are supported on a cube of sidelength 4. We are also able
to prove a result in just the first d variables, as we will be able to integrate out the
final variable. We verify the following proposition.

Proposition 3.1. Let 2 < p < d. Let F be a set contained in the unit cube. Then

g v 60| E|
(3.16) {2’ : Msxp(a',za) > M| S <____7T_LJ_>

where

u
-
—

+ v
—

1 ity <
o = 2p d pr_d
l—5 ifp=>

M‘

By using interpolation on this restricted weak-type bound, we obtain the bound
n (2.34) with a = ﬁ and qo = L.

Let Q) = {2’ : Msxp(2',x441) > )\} We begin by taking a maximal J-separated
subset ug,...,uy of Q. Note that |Q)] < N&—<. For each U, we choose a tube
R, with dimensions 6 x --- x § x 1 and pointing along a light ray, which satisfies

1 IENR,)|
_— — = Tl
IR, /R XE= TR

By using our N6~¢ bound and isolating |E| in (3.16), is suffices to show
(3.17) |E| > N§Zd=propte)p

We now separate into two cases: when there is no point (z/,z441) contained in
more than g = A\ 7P6P~4=P tubes R, and when there is such a point. Note that
the result is trivial if A > 1, so we will be assume A < 1.

In the first case, we have the following estimate.

Z fEXR

(3.18) Bl >
|R nel ¢
3.19 ~
319 2 TRL
N/\éd
(3.20) >
o
_ ng2d-papyp (/\1—p5P—d—a;D>
I

_ N52d—p+ap)\p

Note that for A\ < d, we can verify (3.16) using = C6~(¢~1). Due to the fact that
the tubes must be in the directions of light rays, C§~(4~1 is the most tubes which
could possibly intersect at a point (with C' depending only on d). So from now on
we assume that § < \ < 1.
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For the second case, let g be a point contained in at least p tubes. We consider

the tubes E7 which contain z¢. Let B(zo, Cio) is the ball around z¢ of radius Cio

Then for Cj sufficiently large
~ A
(R 1 E)\ Blao, )| 2 20"
0

Observe that (]TB,Y NE)\ B(zo, C%)) and (Ey NE)\ B(zo, 0%) are disjoint if the angle

between R, and Evl is > 2. There at most A'~¢ tubes containing x, which are

Y
within an angle % of R, so we have the following.
I

(3.21) |E| > = (A3Y)

(3.22) = x5

3.23 —  Ng§2d-ptopyp a
(3.23) NXP=d5d — p+ ap

| L\ opidis2p—2d—2pa

3.24 = =\ 6P P
(3-24) NXP=d5d —p+ ap N

(325) > )\72p+d+152p7d72pa

In (3.25) we used the fact that N < §~%. We are done once we show

)\—2p+d+162p—d—2pa Z 1.

d+1 1

Forpg—2 ;=55
)\72p+d+152p7d72pa > 672p+d+152p7d71
1

d+1 1 d

Forp> 4=, a=1 TR
)\—2p+d+l§2p—d—2po¢ > 1—2p+d+152p—d—(2p—d)
1
O
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